Tensa Notation

—
—=

For br evity, we of ten express tensa equations
such as

—

D = €o.|g+ 7] E
In the f orm

D, = €0(d:i; + xi;5)E;

where summa ion over r epeated indices is
assumed, so that th is is equivalentt o

Di =) el +xi)E

J
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Eigengates of a material

—
—=

For any dir ection of p ropagat ion the re exists tw o
polarization directions in which the displ acement
vector is parallel t o the tr answerse component of
the el ectr ic beld. These are the eig engates of
the material.

Requiring D and E be parallel in the ma tr ix
equa ion D= gf

IS equivalent t o Pnding the eig envalues and
eigenvectors of ! satisfying
)\Z'U_;' — ﬂ]}
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Index Ellipsad

Index of r efraction as a fu nction of p olarization angle

N1

N2

The polarization directions that ha ve a max and min
Index of r efraction form the major and minor ax es of
an ellipse debPnng n(#) the in dex f ora wave with the
electr ic displacement v ector at an an gle of # in the

tr ans\verse plane.
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Example

e - ="

A wave is propagating in the [ 11 1] direction in
Mica, what a re the tw o principle indices of

refraction and in w hich polarization directions do
the se correspond t 0?

plane of p olarization is given by % - + = 0 so x+y+z=0.
The intersection of th is plane and the in dex el lipsad, given by

@—Fn—i—i—n—g—l
IS,
LY Xyt
2tz T2
ng ng n2

Find extr emes of r 2=x?+y?+z2 subject t o the p receeding tw o condr aints t o bnd

directions of eig enpolarizations Plug directions back into r=(x?+y?+z2)¥? t o bnd
index f or each eigenpolarization
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Example Solution in Mathematica

nr-1._5682" Inzz0:= solmax = Solve[{eql. eqZ, eq3}. {r. ¥. r}] /. Z - ZmaIx
ny =1.582; Imaxr =x /. solmax[[1]]:
nz =1.588:; ¥max =¥ /. solmax[[1]]:
solmin = S5olve[{eql. eqZ2. eq3}. {x. ¥. r}] /. =z = zmin
Inf1458]:= egql = (x/nX) "2 +(¥/n¥) "2+ (2 /nz) 2 :==1; ain-x /. solmin[[1]]:
eqZ =T +y¥+z == 0; ymin -y /. solmin[[1]]:

eq3 =r - 5grt[x*2+¥"2 +z"2]:
Outfzel]= {{r—1.58295, x— -0.303467, v—=1.23976}.

In[151]:= rsol = /. Solve[{egql. eq2. eq3}. {x. ¥. r}1[[111[[1]1] It =+ 1.B6669, x5 1. 22184, v— -0. 2865441} }

outEzal= [{r - 1.56375, x - 1. 21895, v 0. 938634],
Dutistl= o (2. 46481 + 0. z+ 0. 0269076 2° - [r— 1. 57116, x - 0. 943902, v —1. 22432))

0.0328601+ 1. 29082-1. = =2+ 1. 29082 + =

In[228]:= pl =
{rmax. {ImAaX, ¥RAI K Zmar}/
Sgri[rmax~ 2 +ymar~2 + zmax~ 2]}
p2 =
{rain, {xmin, ¥ymin,k zmin}/
Sgrt[rmain* 2 +vain"2 + zmain" 2]}

Inzig]:= raolmar —Haximize[rsol, =]
zmax =z /. rsolmax[[2]1]1[[1]1]:
rmax = rsolmax[[1]1]:
rsolmin = Hinimize[rsol. =]
zmin =2 /. raolmin[[2]]1[[1]1]:
rmain = rsolminf[1]]: Outlzzz]= {1.55295, {-0.19171, 0.755194, -0.59145858}}

Outfz0s]=  {1. 58295, {z - -0.936293}} Outzzal= {1.56375, {-0.779504, 0.600181, 0.179325}}
outl211]= {1 56376, {z— 0. 2804161}
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Index of e xtr aordinary ray

—
—=

The index of r efraction of the o rdinary ray Is
always equal t o the in dex seen when the r ay
propagates along the o ptical axis

The extr a-ordinary r ay sees an index of
refraction thatis a fu nction of ther ay
propagat ion angle fr om the optical axis. In a
uniaxial cr ystal

1 cos? 0 N sin® 6
ng(0) ng ng
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Optical Activity

—-

The displacement v ector thu s has an additional contr ibution in a
direction perpendicular t o the el ectr ic beld

D =¢e¢lF +iegG!' FE
where &= (g, k;kl/k B)k! is called the g yration vector and
i gk 0 -G, G, E, )
GxE="G, G, G.35="G, 0 -G, 3"ES=[GE
E, E, E, -G, G, 0 E,
so we can debne an effective dielectr ic t ensa

A N
.

€ = e+ ZEO[G] So that 5 — G!E

allowing the wa ve equation t o be solved f or eig enpolarizat ions of
propagat ion and tw o corresponding indices of r efr action that
depend on [G]
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Exercise

Given an isotr opic material thatis p erturbed such
that

b= k+il "k
where $! is ) 3
0 —-G; Gy
Al =1, | Gy 0 — Gy
__Gy GX O

Pnd the eig enpolarizations for the el ectr ic beld and
asscciated indices of r efraction. Ifal inearly
polarized plane wave were t o propagate along the
direction of G thr ough a th ickness d of such

ma erial, what w ould the o utput wa ve look like?
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