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Tensor Notat ion

For br evity , we of t en express tensor equat ions 
such as

in the f or m

where summat ion over r epeated indices is 
assumed, so that th is is equivalent t o
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!D = ε0
! øI + øχ

"
!E

D i = ε0(δij + χij)Ej

Di =
∑

j

ε0(δij + χij )Ej
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Eigenstates of a ma ter ial

For an y dir ect ion of p ropagat ion the re exists tw o 
polar izat ion direct ions in which the displ acement 
vect or is pa rallel t o the tr ansverse component of  
the el ectr ic Þeld.  These are the eig enstates of 
the mater ial.

Requiring D and E be parallel in the ma tr ix 
equat ion

is equivalent t o Þnding the eig envalues and 
eigenvect ors of !  sat isfyin g

!D = øε !E

λi "ui = øε"ui

_
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In dex El lipsoid

In dex of r efr act ion as a fu nct ion of p olar izat ion angle

The polar izat ion direct ions that ha ve a max an d min 
index of r efr act ion f or m the major an d minor ax es of 
an ellipse deÞning n(#) the in dex f ora wave with the 
electr ic displacement v ect or a t an an gle of # in the 
tr ansverse plane. 

!k
n1 ¥

n2 ¥
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Example

A wave is propagat ing in the [ 1,1,1] direct ion in 
Mica, what a re the tw o pr inciple indices of 
refr act ion and in w hich polar izat ion direct ions do 
the se cor respond t o?

plane of p olar izat ion is g iven by    r.k=0 so x+y+z=0.  
The intersect ion of th is plane and the in dex el lipsoid, given by

is,

Find extr emes of r 2=x2+y2+z2 subject t o the p receeding tw o constr aints t o Þnd 
direct ions of eig enpolar izat ions.  Pl ug direct ions back int o r=(x2+y2+z2)1/ 2 t o Þnd 
index f or each eigenpolar izat ion
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Example Solut ion in Mathemat ica
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In dex of e xtr aordinary r ay

The index of r efr act ion of the o rdinary r ay is 
always equal t o the in dex seen when the r ay 
propagates along the o pt ical ax is

The extr a-ordinary r ay sees an index of 
refr act ion tha t is a fu nct ion of the r ay 
propagat ion angle fr om the o pt ical ax is.  In a 
uniaxial cr ystal
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The displacement v ect or thu s has an addit ional c ontr ibut ion in a 
direct ion perpendicular t o the el ectr ic Þeld

where !! ! ! ! ! ! ! is called the g yrat ion vect or an d

so we can deÞne an ef f ect ive dielectr ic t ensor

so that

allowing the wa ve equat ion t o be solved f or eig enpolar izat ions of 
propagat ion and tw o cor responding indices of r efr act ion tha t 
depend on [G] 

Opt ical Act ivity

!D = ε !E + iε0 !G ! !E

ε′ = ε + iε0[G] !D = ε! !E
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!G = (gijkikj /k 2
0)k̂
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Exercise

Given an isotr opic mater ial tha t is p er tu rbed such 
that

where $!  is

Þnd the eig enpolar izat ions for the el ectr ic Þeld an d 
associated indices of r efr act ion.  If a l inear ly 
polar ized plane wave were t o propagate along the 
direct ion of G thr ough a th ickness d of such 
mater ial, what w ould the o utput wa ve look l ike?

!D = " !E + i! " !E
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∆! = ! o
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