
Ch 6,

Wave Equat ion in Layered Media

Start ing with the wa ve equat ion

we wil l pl ug in the diel ectr ic t ensor wr it t en as a 
Four ier se r ies with p er iodicity !

and an arbitr ar y wave

t o get
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Ch 6,

Wave Equat ion in Layered Media

for a ll k

I s an inÞnit e set of equa t ions.  Consider equat ions for: 
k! / 2!=0 , 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2, 1.3 É

k2 !E0(k) ! " 2µ
!

l

#l !E0(k !
2$l
!

) = 0

coupled

Let K be the v alue value of k±2!l/ !  c losest t o " 2#$0 in a se r ies of c oupled 
equat ions, where $0 is the z eroth o rder Four ier c oefÞcient of $(z).
The whole ser ies of equat ions for -"<k<" c an be tr eated instead as a 
ser ies of c oupled equat ions for 0<K<2!/ ! .  The solut ion t o each set of 
equat ions for a v alue of K o nly contains t er ms at k=K±2!l/ ! , thu s

K=0

K=0.2!/ !
K=0.4!/ !

% 24
!E(z) =

!
!E0(k)ei (kz+ ! t ) dk !E (K , z) =

!

l

!E0(K ! l
2"
!

)ei (K ! l 2 !
! )z! i ! t
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Ch 6,

Dispersion Relat ion in Layered Media

A nontr ivial solut ion t o the se coupled equat ions only exists i f 

k2 !E0(k) ! " 2µ
!

l

#l !E0(k !
2$l
!

) = 0The dispersion r elat ion

for k %K and k%K-2!m/ !  consider ing l=0 an d l=m t er ms gives

and f or $- m=$m* in a l ossless medium, since

!
K 2 ! ! 2µ"¿

" #E0(K ) ! ! 2µ"m #E0(K !
2$m

!
) = 0

#$
K !

2$m
!

%2

! ! 2µ"¿

&

#E0

$
K !

2$m
!

%
! ! 2µ"! m #E0(K ) = 0

!
!
!
!
K 2 ! ! 2µ"¿ ! ! 2µ"m

! ! 2µ"! m
"
K ! 2! m

!

#2
! ! 2µ"¿

!
!
!
! = 0

!
K 2 ! ! 2µ"¿

"
# $

K !
2#m

!

%2

! ! 2µ"¿

&

!
!
! 2µ|"m |

"2
= 0
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! m =
1
!

! !

0
! (z)e! i 2! mz / ! dz
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Ch 6,

Dispersion Relat ion in Layered Media

which can be solved f or K, the Bl och wave vect or f or a wa ve 
of fr equency "

graph of disp ersion r elat ionship (Þgure 6.2)

!
K 2 ! ! 2µ"¿

"
# $

K !
2#m
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&

!
!
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K =
m!
!
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Ch 6,

Bandgaps in Layered Media

When the Br agg condit ion is met (K-2!m/ ! =" 2$0 #)

real solut ions exist f or# # # # # # # and

Solut ions for 

are complex, th is r egion is called the f orbi dden 
band.  At the c enter of the f orbi dden band 
where## # # # # #  and## # # # # , i.e.

the dispersion r elat ion gives

! 2 <
K2

µ ("¿ + |"m |)
! 2 >

K 2

µ ("¿ ! |"m |)

K 2

µ (! ¿ + |! m |)
< " 2 <

K 2

µ (! ¿ ! |! m |)

K 2 ! ! 2µ"¿ = 0
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K ! m

2!
!

"2

" " 2µ#¿ ! 2 =
(m" )2

! 2µ#¿

K =
m!
!

!
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"
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m!
!

±

!"
"
# $ m!

!

%2
+ "¿µ#2 ±

&

(|"m |µ#2)2 +
'

2! m

!

( 2

"¿µ#2

ch 6, 20
cor rected



Ch 6,

The propagat ing waves in the m edium are bloch 
waves with an ampl itu de tha t is p er iodic in !  
and a phase given by Kz, so a bl och wave should 
obey

requiring

  
or

with the f or m## # # # # # # # # where

giving

Bloch Wave Solut ions

!
A B
C D

" !
an

bn

"
= eiK !

!
an

bn

"

eiK ! =
A + D

2
± i
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1 !
(
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2

)2

eiK ! =
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±
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2

# 2
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A + D
2

"
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A + D
2
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eiK ! = cos! ± i sin ! = e± i !
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