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I ntroduction

Types of Probability

In statisticsiit is often necessary to make statements along the lines of “the probability of observing agiven eventisp
percent.” Dealing with probabilistic statements, however, is not often easy. Part of this difficulty stems from the
innately abstract nature of probability, and part stems from fundamental questions about the nature of probability.
Nevertheless, if we hope to use probability asatool for inference, its must first be defined. Three definitions of
probability are offered.

Definition 1 (Probability Based on Logic). Thisview presupposes we are dealing with afinite set of possibilities
which are drawn at random. For example, in drawing from adeck of cardsthere are afinite set of possible handsin a
deck of cards. Such problems are easily solved if we can recognize all possible outcomes and count the number of
ways that a particular event may occur. Then, the probability of the event isthe number of timesit can occur divided
by the total number of possihilities. To use afamiliar example, we all recognize that there are 52 cards in adeck and 4
of these cards are Kings. Thus, the probability of drawing aKing =4/52 = .07609.

Definition 2 (Probability Based on Experience). This second view of probability assumesthat if aprocessis
repeated alarge enough number of times n, and if event A occurs x of these times, then the probability of event Awill
converge on x/ n asn becomeslarge. If weflip acoin many times we expect to see half of the flips turn up heads.
Such estimates will become increasingly reliable as the number of replications (n) increases. For example, if acoinis
flipped 10 times, there is no guarantee that exactly 5 heads will be observed -- the proportion of heads will range from
0to 1, although in most cases we would expect it to be closer to .50 than to O or 1. However, if the coinisflipped
100 times, chances are better that the proportions of heads will be close to .50. With 1000 flips, the proportion of
heads will be an even better reflection of the true probability.

Definition 3 (Subjective Probability). Inthisview, probability istreated as a quantifiable level of belief ranging
from O (complete disbdlief) to 1 (complete belief). For instance, an experienced physician may say “this patient hasa
50% chance of recovery.” Presumably, thisis based on an understanding of the relative frequency of might occur in
similar cases. Although thisview of probability is subjective, it permits a constructive way for dealing with
uncertainty.

An appreciation of the various types of probability are not mutually exclusive. And fortunately, all obey the same
mathematical laws, and their methods of calculation are similar. All probabilities are atype of relative frequency—the
number of times something can occur divided by the total number of possibilities or occurrences. Thus,

no. of times event A can occur
total no. of occurrences

The probability of event A =
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Several Propertiesof Probabilities

At this point, many statistical texts would cover the laws and axioms of probability. We will take alessformal
approach by introducing only selected properties of probabilities:

1.

Therange of possible probabilities. This may seem obvious, but keep in mind that probabilities can be no less
than zero and no more than one. A statement that the probability is 110%, of course, isridiculous.

Complements. We often speak of the complement of a event. The complement of an event isits “ opposite,” or
event NOT happening. For example, if the event under consideration is being correct, the complement of the
event is being incorrect. If we are denote an event with the symbol A, the complement may be denoted as the same
symbol with aline overhead (A). The sum of the probabilities of an event and its complement is always equal to
one:

Pr(a) + Pr(A) =1

Therefore, the probability of the complementary of an event is equal to 1 minus the probability of the event:

Pr(A) =1- Pr(a)

For example, if the probability of being correct is .95, the probability of being incorrect=1- .95=.05.In
contrast if the probability of being correct is .99, then the probability of being incorrect =1- .99 = .01.

Probability distributions. The usefulness of probability theory comesin understanding probability distributions
(also called probability functions and probability densities or masses). Probability distributions list or describe
probabilities for all possible occurrences of arandom variable. There are two types of probability distributions:

* Discrete distributions
e Continuous distributions.

Discrete probability distributions describes afinite set of possible occurrences, for discrete “ count data.” For
example, the number of successful treatments out of 2 patientsis discrete, because the random variable represent
the number of success can be only 0, 1, or 2. The probability of all possible occurrences—Pr(0 successes), Pr(1
success), Pr(2 successes)—constitutes the probability distribution for this discrete random variable.

Continuous probability distributions describe an “unbroken” continuum of possible occurrences. For example,
the probability of agiven birthweight can be anything from, say, half a pound to more than 12 pounds (or
something like that). Thus, the random variable of birthweight is continuous, with an infinite number of possible
points between any two values. (Think in terms of Xeno's Paradox.)

There are many families of discrete and continuous probability distributions. We will study only a couple, starting
with the binomial distribution.
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Binomial Distributions
Basics

We define aBernoulli trial. as arandom event that can take on only one of two possible outcomes, with the outcomes
arbitrarily denoted as either a*“success’ or “failure.” For example, flipping acoinis an example of a Bernoulli trial
since the outcome is either ahead or atail. (It doesn’t matter which of these outcomes we call a success, aslong as
we are consistent throughout the course of the problem.)

The total number of successes (X) observed in aseries of n independent Bernoulli trialsis abinomial random
variable, and thelisting of probabilities for all possible outcomesisabinomial distribution. For example, the
number of heads occurring when tossing afair coin twiceisahbinomial random variable with the following
distribution:

Pr(0 heads) = 0.25

Pr(1 heads) = 0.50

Pr(2 heads) = 0.25

Although “the number of headsin tossing afair coin twice” isatrivia example of abinomial distribution, binomial
random variables are of central importance in biostatistics. Examples of relevant binomial random are:

»  Thenumber of patients out of n that respond to treatment.
*  The number of peoplein acommunity of n people that have asthma.
*  Thenumber of peoplein agroup of n intravenous drug users who are HIV positive.

The binomial distribution is actually afamily of distributions with each family member identified by two binomial
parameters:

n thenumber of independent trials
p theprobability of success per trial

The notation for binomial random variablesis X ~ b(n, p), meaning “ X is abinomia random variable with parameters
nandp.” For example, X ~ b(2, 0.5) means“ X is distributed as abinomial random variablewithn=2and p =0.5.”

The expected value of abinomial random variable isits number of successesin the long run. The formulafor the
expectation of abinomial distributionis:

m=np (4.1)

For example, the expected value for X~b(2,.5) isp = (2)(0.5) = 1.

Thevariance (s?) of abinomial random variable quantifies the spread of the function. The variance of abinomial
variableis:

s 2=npq (4.2)

whereq = 1- p. For example, the variance of the number of heads when tossing afair coin twiceiss? = (2)(0.5)(0.5)
=0.5.
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Calculation of Binomial Probabilities

To calculate binomial probabilities, we must first learn about the “ choose function.” The choose function quantifies
the number of different waysto choosei objects of n. Let ,C; denote the number of different waysto choosei items
out of n without repetition. Then,

c n!
ST 4.3
T in- i) (43)
where" " representsthe factorial function. The factorial function isthe product of the series of integersfromnto 1.
Thus,n! =(n)(n- 1) (n- 2)(n- 3)...(1). For example, 2! =(2)(1) =2, 3! =(3)(2)(1) =6,and 4! = (4)(3)(2)(1) =
24. By definition, 0! =1

3l _ 3XAa _9—3 Thi “3 ch 2i a to 3.” Inoth d
2)3E-2) Q@) 2 eSS Schoossisequato S In oerwords,

there are three ways to choose 2 items out of 3: for itemslabeled A, B, and C, you may choose {A, B}, {A, C}, or
{B, C}.

Using formula4.3, 3C, =

; . . . 4! 432! 43
Let us now consider choosing 2 items out of 6. Using formula4.3, ,C, = 20)(4- 2)! = 2:0(2) =5 6.1n

other words, there are 6 waysto choose 2 items out of 4: { A, B}, {A, C}, {A, D}, {B, C},{B, D}, or {C, D}.

T TS
T @AN(7- 3! (3K (4)

One more example of the choose function: ,C, = 35. Thissays"“7 choose 3isequa

t0 35

Binomial probabilities are calculated with the formula:
Pr(X =i)=,Gp'q™"' (44)

where i isthe observed number of successes
n isthe number of trias
p isthe prabability of successfor each tria

q=1-p

[ustrative Example. Suppose atreatment is successful 75% of the time (probability of success =.75). This
treatment isused in 4 patients (n = 4). What is the probability of seeing 2 successes in these 4 patients? Let X
represent the number of successful treatments. Thus, Pr(X = 2) = ,C, (.75)?(.25)* 2 = (6)(.5625)(.0625) = .2109.

StaTable. StaTableis a public domain probability calculator available via http://www.cytel.com/statable/ . The
program is available in a Java version (that runs through your browser) and a Window version (that must be
downloaded and installed before use). The binomial function in the Windows version of the program is available by
clickingtheDi st ri but i on menuandthen selectingDi screte > Bi nom al . Enter the number of successes
inthefield labeled i and binomia parametersn and p in their labeled fields. The binomial probability islisted in the
field labeled Pr(i).
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Binomial Probability Functions (Distributions)

Thelisting of probabilities for all possible outcomes of abinomial random variable isabinomial distribution or
binomial function.

Binomial Illustrative Distribution 1. Intossing afair coin twice, the number of “heads’ isabinomial random
variablewithn =2 and p = .5 with a probability distribution (function) of:

Probability of Oheads = Pr(X =0) = (,C)(59(5%9) = (1)(1)(.25) = .25
Probability of Lhead = Pr(X =1)=(,C)(59(5%Y) = (2)(5)(5) = .50
Probability of 2heads = Pr(X =2) = (,C,)(59(5%) = (1)(25)(1) = .25

Binomial Illustrative Distribution 2. Suppose atreatment is successful 75% of thetime. Thistreatment isused in 4
patients. The number of cures (X) isthus abinomia random variable with n = 4 and p = .75. The probability
distribution for this random variableis:

The probability of 0successes = Pr(X=0) = ,Cy(.75°(.25)*° = (1)(1)(.0039) =.0039
The probability of 1success = Pr(X=1) = ,C,(.75)!(25)*! = (4)(.75)(.0156) =.0469
The probability of 2successes = Pr(X =2) = ,C,(.75)%(.25)*2 = (6)(.5625)(.0625) =.2109
The probability of 3successes = Pr(X=3) = ,C;(.75)%(.25)*® = (4)(.4219)(.25) =.4219
The probability of 4 successes = Pr(X=4) = ,C,(.75*(.25)** = (1)(.3164)(1) =.3164

The complete probability function can be displayed as a probability histogram:

0.5
0.4219

0.4
0.3164

0.3
Probability
0.2

0.2109

0.1
0.0469 |

0.0039

0 1 2 3 4
No. of Successes

0

Notice that the area contained in each bar corresponds to its probability. For example, the bar for Pr(X = 0) hasa
height of .0039 and awidth of 1 (from O to just before 1). Thus, its area = height x width = .0039 x 1 =.0039.
Similarly, Pr(X = 1) = height x width =.0469 x 1 = .04169. (And so on.)
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Cumulative Probability Functions

In addition to wanting to know the probability of a given number of successes, we often want to know the probability
of observing lessthan or equal to agiven number of successes. Thisisreferred to asthe cumulative probability of
the event.

Cumulative Binomial Illustrative Distribution 1. The cumulative probability function for illustrative distribution 1
(the number of head out of 2 tosses) is:

Probability of at least Oheads =  Pr(X < 0) = Pr(X = 0) = 25
Probability of atleast Lhead = Pr(X <1)=Pr(X<0)+Pr(X=1) =.25+.50 = 75
Probability of at least 2heads = Pr(X < 2)=Pr(X< 1) +Pr(X =2) =.75+.25 = 1.00

Cumulative Binomial Illustrative Distribution 2. The cumulative probability distribution for illustrative
distribution 2 (number of successful treatments out of 4 when p =.75) is:

The probability of at least 0 successes = Pr(X < 0) =Pr(X =0) = .0039
The probability of at least 1 successes= Pr(X < 1) =Pr(X< 0) + Pr(X =1) =.0039 + .0469 = .0508
The probability of at least 2 successes =Pr(X < 2) =Pr(X < 1) + Pr(X =2) =.0508 + .2109 = .2617
The probability of at least 3 successes =Pr(X < 3)=Pr(X < 2) + Pr(X =3) =.2617 + .4219 = .6836
The probability of at least 4 successes = Pr(X < 4) =Pr(X < 3) + Pr(X =4) =.6836 + .3164 = 1.0000

Cumulative probabilities corresponds to the left tail of a distribution. For example, the figure below shades the area
corresponding to the cumulative probability of 2 successesi.e., Pr(X <2):
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Normal Distributions

Continuous Probability Distributions

The previous considered the probability distribution of variables with only two kinds of possible outcomes: positives
or negatives, people with or with an attribute, or successes or failures. The random number of successes of n made up
abinomial distribution. The variable was an enumerations of the number of successes, and was thus discrete. We now
turn to another kind of variable whose individuals are measured for a characteristic such as height or age. The variable
flows without a break and is thus continuous, with no limit to the number of individuals with different

measurements. Such measurements are distributed in any of a number of ways. We will consider the normal
distribution as an example of a continuous distribution because of its utility and wide usein applied statistical
methods.

Whereas discrete probability distributions (such as binomial distributions) are displayed with histograms, continuous
probability distributions (such as normal distributions) are displayed with curves:

X X

Probability curves demonstrate the following important properties:

1. Thetotal areaunder the curve sumsto 1
2. The probability of any exact valueisequal to 0
3. Theareaunder the curve (AUC) between any two pointsis the probability of valuesin that range (shaded

area)

These properties (especially the first and third) allow use to determine the approximate probability of various
potentialities using avariety of probability tables.
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Characteristics of Normal Distributions

The normal distribution (also called the Gaussian distribution) is afamily of distributions recognized as being
symmetrical, unimodal, and bell-shaped. The normal distribution is characterized by two parameters. pand s. The

mean (L) determines the distribution’ s location. The figure below shows two normal distributions with different
means.

Mo

The standard deviation (s) of aparticular normal distribution determinesits spread. The figure below demonstrates
two normal distributions with different spreads:

Population 1

Population 2

Notation: Let X~N(l, s) denote a particular normal random distribution with mean p and standard deviation s . For
example, anormal random variable with amean of 0 and standard deviation of 1 is denoted X~N(0,1). A normal
random variable with a mean 100 and standard deviation of 15 is denoted X~N(100, 15).

For al normal distributions:
*  68% of the datalieswithin £1 standard deviations of

*  95% of the datalies withint2 standard deviation of p
* nearly al of the datalieswith+3 standard deviation of p

~

< 689>

—95%—1—>
4 3 2 i 0 1 2 3 4
Standard Deviation Scale

Asanillustration, consider a normal random variable with a mean of 100 and standard deviation of 15. Sixty-eight
percent (68%) of the areas under the curve for this distribution will liein the range 100 + 15 (between 85 and 115).
In contrast, 95% of valuesliein the range 100 + 30 (between 70 and 130). Virtually all observationsfall in the range
100 + 45 (between 55 and 145).
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Standard Normal Distribution

The standard normal distribution (also called the Z digtribution) isanormal distribution with amean of 0 and
standard deviation of 1. The utility of the Z distribution is based on the availability of standard normal tables
(Appendix 2).

Before using a standard normal table, data must be standar dized. To standardize a value, subtract the distribution’s
mean (L) and divide by its standard deviation (s). A value, once standardized, is called a z-score.

Z=

(4.5)
S

The z-score places the value above or below the mean in standard deviation units. For example, a z core of +1 shows
the value to be one standard deviation above the population mean. In contrast, z score - 1 shows the value to be 1
standard deviation bel ow the popul ation mean.

Notation: Let z, denote a z score with alower tail probability of p. For example, zgs = +1.96:

.975

This particular z score (Z475) is now referred to as the 97.5™" per centile of the standard normal distribution sinceit is
greater than or equal to 97.5% of other scores on the distribution. Y ou look up z per centiles on a standard normal
table. To accomplish thisit is helpful to draw the area under the curve. Several key landmarks on the standard
normal curve are noted:

. Z24,=-196
e 7= 000
*  Zgs=+1.96

Whenever working with z percentiles, it is helpful to DRAW THE CURVE!
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Application of the Normal Distribution

The normal distribution is helpful in solving many real-world problems. Many measurements are approximately
distributed normally (e.g., |Q scores) and many can be transformed to something that is approximately normally
distributed (e.g., the logarithm of cholesterol values).

Here isamethod that seems to work for most studentsin solving normal probability problems:

Draw adiagram of anormal curve.

Mark the location of the mean on the curve.

Standardize the value you are considering.

Place the standardized value on the curve in relation to the mean or point of inflection (the points of
inflection of the curveis+1s from the mean.)

Shade the appropriate area under the curve that corresponds to the problem and then determine the area
under the curve with your Z table.

SN

o

Example: Suppose you have a normally distributed random

variablewith g =100 and s = 15 and you want to know what
percentage of valuesfall below 115. Thus:

.8413 (area to left)

.1587 (area to right)

You draw anormal curve.

Y ou mark the center of the curve at 100.

Y ou standardize thevalue: z =(115-100) / 15=+1

Y ou place the z score 1 standard deviation above the mean
You look up az score of +1 on the standard normal table and Xscale 100 115
find that 0.8413 of the areaunder the curveisto itsleft. Thus,  _ o 1
thisvalue is greater than or equal to 84.13% of the valuesin

the population.

agrwbdpE

[lustrative Example #2: Suppose scores on an exam are approximately normally distributed with a mean of 80 and
standard deviation of 10. What percentage of scores are lessthan 65?

Solution:

1. A normal curveisdrawn.

2. Themiddle of the curveislabeled with avalue of 80.

3. Thevaueof 65isstandardized: z=(65- 80)/10=-1.5.
4. A scoreof 65 isplaced on the X-axis 1.5 standard deviations

to the left of the middle of the curve.

The areaunder the curve to the left of - 1.5 on a standard
normal tableis equal to the area under the curve to the right
of +1.5. The areato the left of +1.515.9332. Therefore, the

areato theright of thispointis1- .9332 =.0668. Therefore,
Pr(X <65) =Pr(Z <-1.5) = Pr(Z > +1.5) = .0668.

o

X scale 65 80
Z scale -1.5 0
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