Transport Phenomena in Biomedical
Engineering (196 C)

DATES: January 28 to May 20, 2008
TIMES: 6:00-8:45 PM
ROOM: 333
INSTRUCTOR: Maryam Mobed-Miremadi,PhD
EMAIL: cysomir@sbcglobal.net
PHONE: ( 408) 718 7875



OUTLINE

* Mass Transfer in Biological Systems
* Solve Problems from Chapter 5 of the book .



USEFUL REFERENCES

* Basic Transport Phenomena in Biomedical Engineering by R.L. Fournier

* Transport Phenomena, Revised Second Edition by Bird , Stewart and
Lightfoot

http://bcs.wiley.com/he-bcs/Books ?action=index&bcsld=3406&i1temId=0470115394

* Elementary Differential Equations and Boundary Value Problems by
Boyce and Diprima or any other Differential Equations Book.



CAPILLARY FLOWRATES (review)

A r’
8 o
LS )8t

L, isthe hydraulic conductance

A total pore area
P

S circumferential area (TIDL)
Ao :
[FPJ isdefined as porosity

t,  wall thickness

MU fluid viscosity

o=Ls[P-pP.)-, -11,)]| (2)

Qisthe plasmapherisis rate

2

DC
Q=Vz—, (3)

Q, is the total blood flowrate
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BOUNDARY CONDITIONS AND
MATHEMATICAL METHODS

Concentration is a function of position (x,y,z) and time (t). Regular Integration [f(x)] involves a
single lower and upper limit . For a multivariate function [f(X,t)] an initial condition and Boundary
Conditions are required to “frame” the simulation in time an space. This is an example:

IC: t=0, C(x,t)=C,
BC1: x=0,dC/dx=0
BC2: x=L,C=0 fort>0

Depending on the complexity of the Diffusion Problem several methods are used alone or in
conjunction with each other to model the flow by using Partial Differential Equation(s):

Laplace Transforms (i.e. Piece-wise continuous functions)

Matrix Solutions (i.e. Eigenvectors)

Numerical Integration (i.e Newton Raphson Method, Euler Method)
Boundary Value Problems (i.e., Fourier Series)

It is more important to understand the physical phenomenon in order to set up the equations
correctly. Many of these equations are solved by a software tool (Mathematica, Matlab, Maple,
etc...)
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SOLUTE DIFFUSION (review)

The solute can diffuse down its own concentration gradient
from the higher to the lower concentration.

driving force

Rate of transfer process = :
resistance

Fick's First Law:

dc,
AB dZ
molar fluxof component Ain directionzin( kgmolA/ s.m” )

J,,=-D

(4)

J
D,, moleculardiffusivity of themolecule AinBin( m’>/ s )

AZ

c, concentration of Ain(kgmolA/m’)

A

For turbulent Mass Transfer

dc,
5
dz (>)
g€, turbulent or eddy mass transfer diffusivity in(m*/s )

‘]AZ =_(DAB+€m)




FICK'S SECOND LAW (review)

Unsteady State Solute Balance across a shell of thickness Ay

SAyiz_DS[% L2

ot dy|, 9|, A}]

as Ay — 0 and dividing by Ay

_ps| 9| _9¢
dc ayy ayMy
ot Ay

2
ﬁ:paf (6)
ot dy
IC : t=0 C=0
BCl: y=0 C=C, \_
BC2: y=o C=0 =0 : .

I¢ "I.'_I'.-_'*- CONIACI 51 (% _11|:.;\ 5 1T ) i n 1"':"'\-\.

C(y.t) y

=1- 7
C erf[«MDZJ (7

o

At (C/C,)=001 =6 (y1)=4IDr  (8)

ac = km( CHigh - CLOW ) W\

dy

j,==D=-
s Boundary Layer Thickness

(.. D _ D [ I j (10) Mass Transfer Coefficient
" 32JaDt 8m \O.(t)
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Table 5.2 A selection of uselul mass transfer coefficient correlations {(from

Cussler 19584)

Phwsical situafion

Correbition

Lammar flow over 3 Rat plate

iy 4
--—"J-=.‘r'h .62
0

Laminar flos ina cidular fube, shog
conact time solution

By A
=

Sherwood

Number

0,104 :“‘:"
Lamingr flow ins-ciroular fubs, . [+
unilevels How wnd concentrulion Sh=3.66+ o sk
&5
' RiéSe H
(RS S
7 ‘ chmidt
_ Number
Laminar flow ina cirenbar tube. fully
eveloped Mow and condentristion Sl = 1,66
profiles
Turbulent Aow within & hotzontal shi #-_“r i ;,_;13,,,[ dvg l, L
7] L v ) {D

[d = [?_»;]15I|! widih ]

with &, the averame mass ranster cocfficient

channelcross sectional area—

DH - 4 X Turbulent Aow through a circilar wbe

(13, b5 the tobe diameter)

wetted perimeter

Reynolds
Number

—. F : ]lll - ]
£ _ 0026l ‘h&] [-‘ ]
o ([ O o

with &, the sverape miss ransfer coefficient

The hydraulicor equivalentdiameter

Laminar flow 16 a circular wbe (0,
s the tubse dhamener)

isused inthecalculations of

Dimensionless Numbers. -

kD a3
Biasalkl S 1_;-”_,[ R — s
D | -

with &_ the avernge misss transfer cocfficient

Spinning disc (d 15 the dise dameter
ansh i 15 the disge rotation mte m
radimnsisec)

Pagked beds (4 is the particle diameter

: s ; y s it
aneh vy is the supericial velocity definied k i v
7= e

a= the volumetric Noweate divided by . kl | v ) o l
the unpicked tube crnivs section) " -
Falling filt {2 is position along the k_z 0.8 '| ¥ L0 |

- =60 ——su
bength of the ilm and vy ishe average 0 ' bRy

tidm velocigy)

where &, is the local mass ransfer coefficient
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DIFFUSIVITY DETERMINATION
(REVIEW)

Renkinand Curry equation(37°C, dilute aqueous solution )
D=1.013x10"( MW )**| cm2/sec (11)

Stokes — Einstein equation(37°C,dilute solution )

D:L (12)
67uaN ,

a Solute/ Stokes' radius

N, Avogadro Number

a:(WWJ 13)
47PN |

The “Stokes radius”, “Stokes-Einstein radius”, or hydrodynamic radius is not the effective radius of a hydrated molecule in solution.
It is the radius of a hard sphere that diffuses at the same rate as the molecule. The behavior of this sphere includes hydration and
shape effects. (Chromatography: chromatography link).

Since most molecules are not perfectly spherical, the Stokes radius is smaller than the effective radius (or the rotational radius).

A more extended molecule will have a larger Stoke's radius compared to a more compact molecule of the same molecular weight.
In liquids where there are considerable interactions between solute and solvent molecule, Stokes radius is proportional to frictional
coefficient f and inverse proportional to viscosity. The frictional coefficient is determined by the size and shape of the molecule.

3/17/2008 M.Mobed-Miremadi, SJISU, 196C, Lecture 7 9



SOLUTE TRANSPORT BY CAPILLARY FILTRATION
(REVIEW)

5 2&2(1_1)2[2_(1_1)2{1_2/12 _0.163/13} (14) Because of the pores in the

Cu 3 capillary wall, the filtration of the
plasma by the capillary wall will
tend to separate the solutes on the
basis of their size (Sieving action).

C,. solute concentrationat surfaceof thecapillaryontheblood side

C, filtered solute concentration

A a/r ;(a)soluteradius and ( r )capillary pore radius

q=0/8§ ;
q filtration flux ' |
dC
C-C,)=—-D—
dle-c,)=-p%
a dC
»C-C,
C
C,-C C,-C b
q=—21n L=k In|—L| (15)
o, \C,—-C, C, —-C,

bs f

{" bl

af; dv=-D

The sieving coefficient( S, )inthecaseof concentration polarization : .

C Loammcenmie et
f — Sa (16) palarlzation

C, (1-S, )(exp—q/km)+Sa reyion

-—
‘- === - — Lt -




DIFFUSIVITY DETERMINATION (review)

&:K(ﬁjxw{ﬁj (17)
r r

Pore Diffusivity
Bulk Diffusivity

DWI
D

a I : :
K (—j Contribution of Steric exclusion
r

0] (ﬁj Contribution of hydrodynamic drag

r

r
Substitute into Fick's First Law :

A
D :D_P(K“’r}@]m, (18)

S\t T
D, Effective Diffusivity

4

Porosity ="
E orosirty =——
V=
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LONGTERM DIFFUSION OF A SOLUTE A POLYMERIC
MATERIAL

Unsteady State Solute Balance across a shell of thickness Ax

dc . d’c v
o ox R
IC: t=0 C(xt)=C, |
BCl1: x=0 d—czO

dx
BC2: x=L C=0

USING THE SEPARATION OF VARIABLES TECHNIQUE
AND FOURIER SERIES

AC = ( )n (2n+1)227r2Det (2n+1)7DC
C(xt)=""" g I (19

(xt) = cos 5 (P

dC
. —_p 4
/s “dx
(2n+1)* 7*D,t
Js | 2DCOZ€ i (20)
n=0
3 - (1) (2n+1)? 22Dt

D(t)=S|C(x,t)dx=—D 4 21

(+) { (ot r’ 022(2n-+1y ‘ (21

D0 _ D(t) - (1) (2n+1)227r2Der

= = 1 —_ e 4L 22

T D, =(2n+1) (22)

f« Cumulative amount of drug released

3/17/2008
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D,= D(x0)=C,SL

D, is the initial presentinthe total polymeric material

volume including the void volume.

S is the Surface Area Normal to the
Diffusion Direction
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SHORT TERM DIFFUSION OF A
SOLUTE A POLYMERIC MATERIAL

Unsteady State Solute Balance across a shell of thickness Ay

gy _pgf ] o

ot ay|, 9| .,
% = DE (6) : '
ot dy’

BC2: y=w C=0 l l

Ciyt) . y :
c =1 erf{\M_DJ (7) Polymer Film Drug

Assume that the drug diffuses into boundary region .
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DIFFUSION IN BLOOD AND TISSUE

Solute can diffuse through both the continuous fluid space (Blood) as well as
through the cells themselves (Tissue). The transport mechanism in blood or the
tissue space is by diffusion and Dy represents the effective diffusivity.

Maxwell Model(1873)
&z 2DO +Dcell _2¢(D0 _Dcell ) (23)
Do 2D0+Dcell +¢(D0_Dcell)

D, Diffusivity of solute through int erstitial sapce or blood ( D

plasma )

D_, Diffusivity of solutein the cells.
@  Volume fractionof thecells( ¢ = ﬂ'a]z,L)

This equation does not depend on particle size

For 0.04<¢<0.95 Rileyetal.(1994—-1996)

DT

0

=1- (1 - %}(1.727(;) —0.8177¢° +0.09075¢°) | (24)

0

The interstitial fluid has a gel like structure( macromolecule obstacles for solute ).

Brinkman equation (1947 )

D

0

— = =

D

r

1

1+ xu +1/3(xa)’

(25)

D  Solute Diffusivityin pure water

kK Experimentally obtained as a functionof gel microstructure
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] — ——
_'l'_"-ln-._,_"l__-__"_ ey —l
1 = e — e — e .G
g -

] t‘\:{:\::"‘-._\__hh‘hx‘u_“ - 115 :|:|.'- I:H-\--‘
— H"‘a?__ g
2 ol \““‘E;:“t‘:“‘*x;:: s '
a :-: \\‘-:HH"‘-\-.. :\:\1‘.
K =exp|—9¢| 1+ — (26) 3 s M
a a s S— _
f LT[R . L\"\:HH B B i)
he radi lecul e e R

a, represents the radius of macromolecules O W FITC - DEXTRAN Roe C.= 10

Goon 4 l

. <]
Curry and Michel (1980 ) . : ; . . '
solute radios, nm
D Irh]-lﬁ.' 512 &M
—r=epl-(+asa pecy?] | (27) | iy b s e o
— - :Lr*;'l":‘lv, e fibe i ko] sl II _l_"_1|l | represent the Renkin pore model e
14 specific volume of the fibers 19840, with permission)
C,  fiber concentration in the int erstitial ﬂL
C,v related fiber volume fraction
Re nkin equation(1954 )
D a a Direction of Diffusion ‘\
2 (®aft] | 4
r r

Pore Diffusivity
Bulk Diffusivity

Dm
D

a . . . .
K (—j Contribution of Steric exclusion
r

r

1) (gj Contribution of hydrodynamic drag
r
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SOLUTE PERMEABILITY

Permeability (P,,) is used to describe solute transport (N,) across a membrane. Using the total

surface area S.

Ns = PmS(Chigh - Clow ) (28 )

P = 2[&](&} (29 )
t S T

1L

For cylindrica | pores :
Ko, would be given by equation (17 )and t(tortuosity )is det er min ed exp erimentall y

For a gel like membrane : ' 3

A VKo _ _ |
5 ~ | would be given by equations (25 )and (26) ? ~—]
T 1 |

If K =1, the solute has already diffused through the membrane . 'i
B 0
-

1

P .S=0.0184a™"* ,a<lnm (30a) 0,001 |
e 0.001 |
_ -2.92 [
P S =0.0287a ,a>1nm (30b) Renkin and Curry
(1979) 0.0001
Continuous Capillaries
0.00001

{?1 1 10
solute radins, nm

Discontinuous and Fenestrated capillaries have much higher permeability
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THE REFLECTION COEFFICIENT

The application of irreversible dynamics to membrane processes was developed by Staverman (1948)
and kedem and Katchalsky (1958). This effort was originated to describe the interaction of convection
(bulk flow, driving force AP) and diffusion (driving force AC).

Q=SL,AP+SL RTAC |(3la)
J, =SL,AP + SL.RTAC |(31b)
L . Cross Coefficient for Secondary driving force( Osmotic flow )

L, Cross Coefficient for Secondary driving force (Ultrafiltration by sieving )

L, Hydraulic Conductance Me 'Trane Impermeable to Solute
L, Related to membrane permeability N, \\ "L

ONSAGER'S THEOREM ec o

L g LSP 1

Q=SL ([AP-0oRTAC] (31a) J

J, =SL, —O'AP+§S RTAC | (31b) f :J

o (- L,/ LP) or (- L,/ LP)is the Staverman Re flection Coefficient

0<o<l i : 0.0

N =C(Q+J,) [

N =C(l-0)0+P SAC]| (32) '

Membrane 100% Permeable to Solute

3/17/2008 M.Mobed-Miremadi, SJISU, 196C, Lecture 7 17



Lp, Py and 6 ESTIMATIONS

Q=SL ([AP-0RTAC] (3la) L ==
g
_ _ 0
Y, 0.1 _ S5itas
m

N =C(1-0)O+P SAC (32)

N
=0 &P =—-
- " __SA

Reflection coefficiem

(N
1) Let AC =0 experimentally and measure Q
N
N =C(1-0)0+PSAC < (1-0)=— 0.1
‘ oC Solute radius/pore radius, a/

2) Let AP =0 experimentally and measure Q u

‘Q:SL ([AP-oRTAC] & o= 2
’ SL_RTAC

3) For 0.01<(a/r)<1
Durbin's experimental data (1960

Anderson and Quinn (1974 ) showed that S, = g& =(1-0)/ when AC=0

o5 a-(-2) po-3(2) -oref
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MULTICOMPONENT MEMBRANE
TRANSPORT

The derivation of the filtration flowrate and the solute transport rate of solute i across
the membrane in a multicompoment system are based on those of a single
solute/solvent system.

Q=SLAP+SL RTAC (3la)
J, =SL,AP+SL.RTAC (31b)

Q=SL AP+ SRTZ L, AC (34a)

J, =SAPY. Ly, +SRTY, L,AC,| (34b)

Let L, =L

Q=S5L, [AP - RTY. O'I.AC,} (35a)

N, =C/(l1-0,)0+ P, SAC, 35b)




TRANSPORT OF SOLUTE ACROSS
THE CAPILLARY WALL

Example 5.8 : Transport of glucose (small
solute, water soluble=hydrophilic)

Example 5.9: Transport of oxygen (gas, lipid
soluble=lipophilic).

Example 5.10: Transport of proteins
(hydrophilic macromolecules)

Example 5.11: Effect of AP on the transport of
proteins in example 5.10



TRANSPORT OF A SOLUTE BETWEEN A
CAPILLARY AND THE SURROUNDING TISSUE

s 5

1|| u;n

KROGH TISSUE CYLINDER MODEL DEVELOPED FOR OXYGEN UPTAKE
LINK
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KROGH TISSUE CYLINDER

* Krogh (1919) used the cylindrical capillary tissue model to study the supply of oxygen
to muscle. The assumption is that the tissue space surrounding the capillary is a
continuous phase (not discrete cells).

« Solute diffusivity (D) is driven by consumption/production of the solute by the cells
within the tissue space.

« The Michealis Menten equation (LINK) in enzyme kinetics will be used to describe the
metabolic rate of the solute in the tissue space. This kinetic model is relevant to
situations where the concentration of enzyme is much lower than the concentration of
substrate.

R(C)= KV'"”“;CE (36)

m

R(E)> O when produced

R(E)< 0 when consumed

K Michaelis Menten constant

The maximum reaction rate occurs when, R (E)z V.=R, for K, << C = zero order reaction ( biolog ical cases )

- -\ V.C
When K, >>C, R(C)=;<L = first order reaction



A MODEL OF THE KROGH TISSUE CYLINDER

Assume flux inthe axial direction(z)is constant

N =C(l1-0o)Q+PSAC (32)

I * AT
If C(l-0)0<<P SAC f
Then N_=P SAC T " Radial )
S =27 Az D"IfoSIOh L] - 'H
N, :27172AZK0(C_E - ) . ztA
Axial Convection (neglected)
Assume blood as a continuous phase Solute exchange for blood /capillary exchange occurs at r,
— Solute exchange for capillary tissue exchange occurs at (r. + t,, )

va’C | -vmiC | =2mak,(c-C| )
Divide Az and taking the limit at Az — 0 ° T T
for SS Shell Balance in 7 direction K. 2P, EKO K, = 1 1 1

dc 2 — R, TR R ~ to
_ —=—KO(C—C ) (37) | 2 n K, P,

dZ rc T .+, O ' i v v v n N —
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Fick’s First Law in Radial Direction

dC
JAr__(DT ); (5)

A SS shell balance for a given z at r to (r + Ar ) for the solute concentration

in tissue space :

dC

~D ——2mrAzl +D, d—czyzmz\ = R(C 27mrAzAr
dr r dr r+Ar
After dividing by 27rAr and taking the limit as Ar — 0 :
d( dcC =
D.—|r— |—-R(C)=0 38
' dr( dr ] (¢) (58)
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v 2k(c-c| ) (37
dZ ’ﬁc r5+tm
d( dcC —
DL E | _RrC)=0 (38
Tdr[r dr) (c) (38)

BCl: z=0, C=C,
BC2: r=r +t, c=C r.+t,

BC3: r=r, £=0
dr
§ . R, T ] B2 [ & )
ChILB) =618 p— (; —(r + ) ) ——L |n (5.104)
et Ay 4”, : EDI e
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i"?!.'r'r'll'.:‘“ e :.I-Hr_l:{-l =H-|:r: _l;—l +,fIH }! ]_' Rl.!- Ei.tm.l

-L-mi.;. couition may be rearmanged w give the following equation thar provides for
wial variation of the solute concentration o the capillary,

[.‘{:}:L;—%%[rf—[ﬁ +:_}"]: (5. 106)
3

oy

A0 Equiation 5100 with the esult thit

 Equation 5.106 can now be used 1o find
solve for C2) | + + v, Which is given by the eguition below,

Ciz) . =C(z)- "r:ﬁ: [rf —( +rﬁ]!) 15.107)
i o

te that C12) in Equation 5,107 makes Ciz) | .. 41, Jepend on 2, and by Eguation 3. IIFH.
e tissue space solute concentration then depends on both rand z as discussed earher.
o[} s 5.104, 5. 106, and 5.107 can be combined 10 give the following equation For
e solute concentration in the tissue space.

Clr.zy=C€, —J—R'J-[rf ~(r *0) }:

-

| R (5.108)
.'i."" ~ 1 R, [: 5o J‘]]_ T r
2K [rf_rr’ﬂ'} ]"haﬂ,[r (. +1.) 20, Lr ot
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Under some conditions cither the delivery of the solute to the capillary may b
mited by the capillary Aowrte, or the transpont rate of the solute across the caprillary
i% limited, or the consumption of the solute by the tissue is very rapid. Any one of
e conditions may lead to regions of the tissue that have no solute. We can thvien
Ve o crifical rodiny in the tissoe, rua o) defined as the distance beyond which no
late is present in the tissue, For this situation we need o mmodilfy boundary condition
i Equation 5,103 1o the following:

B3 : r=r (=), — =0 agnd C = 1) (5. by

these conditions. the solule concentrntions i the capillary, t.e Ciz), mt the
ce berween the capillary and the txsue space. e :'_*l:ri.l oopye ated 0 the s
e itself. i.e. Clrz). would still be given respectuvely by Equations 5. 106, 5,107, and
B, however, the Krogh tissue oylinder radius, ry, is reploced with e o) onoe the
e concentraion in the tissue o particular location has reached zero. The critical
IS may be obtained by recognicing that sl ez O, ) = L Thus we mury s
aMation 5. 108, with ry = faeealcf and Olr, o) = . 1oy pvbtoan the folloswing @ pression
e critncal radius,

2 2 2
’:.‘rim:al(z) ln rml:cnl(z) =i Irv:'r'uit.‘ll(z) 1= 40?"("1]
r—: + rl':l'il ’:’ + !ﬂl r: + Ii‘ﬂ Rﬂ(rr + rﬂj )3

4D

LAl || A A rKy|\ r.+t

‘ﬂ

re  (2)) l __'_ZDJ_ v (2) 2 (5.1!;_

L~
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APPLICATIONS OF KROGH'S

MODEL

e Example 5.12
e Example 5.13



THE PECLET NUMBER

« The magnitude of the Peclet (Pe) dimensionless number represents the
importance of axial convection in comparison to axial diffusion. The criterion
for ignoring axial diffusion is given by Pe=VL/D>>1.

« A similar line of reasoning could be applied to the tissue space to support the
neglect of axial diffusion in comparison to radial diffusion:

D
[ .C, JQWCL: Trasnport by Radial Diffusion (39)

=T

DT%ﬂ(r2T — rzc)z Trasnport by Axial Diffusion (40)
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RENKIN-CRONE EQUATION

— d—ngKO(C—Z’\ ) (37)
dZ rc Tt

When C . <<C K,=P,

d€__ 2 pe=—pc (41

dz Vr 0

Integrating eq(41)and rearrangirg to obtain the solute concentraion at any axial positionz,

The RENKIN—CRONEEQUATIONgivesthe soluteextractionE

e IC, _C(Z)]Zl—exp 2m Pz

C 0 (42)

QC, is the maximum amount of solute that can be transportel, QC, X E isthe actual amount

2m P
If CT’”Z>>1, flowlimited regime
27 P
If WCQ n® <<1, Diffusion limited regime

Forregions of tissuewith multiple capillarie

2mz=S, S total surfaceareaof capillaries within thetissue region of interest.
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ASSIGNMENT

Follow through all the examples in Chapter 5.

Solve problems 5 (1,4,5,9,13,15,21,25).
Solutions will be posted on 4/7/08 and
reviewed on 4/9/08.

Study Chapters 4 and 5 (except for Vascular
Beds section 5.10.3) for 4/14/08 Midterm.

The format will be the same as the First
Midterm (1/3 definitions, 2/3 Problem

Solving).




