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Parameter Estimation

� In statistical terms, a parameter of a 

population is just a quantitative expression that 

characterizes it.

� The two most common parameters are the 

mean µ and the standard deviation σ.

� The corresponding estimates are the sample 

mean x and the sample standard deviation S.

� An effective way to express the uncertainty 

associated with these estimates is to use 

confidence intervals.
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Confidence Intervals

� A confidence interval designates the bounds within which a 

parameter is expected to lie. 

� For example, an expression for confidence that the mean µ

would state that it is equal to an estimate x, with some 

uncertainty ±δ is:

� The 100(1-α)% confidence level expresses the probability that 

the parameter does lie within a specified interval, where α is 

the significance level.

� For example, a 95% confidence level corresponds to α = ???
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Normal Distribution (Review)

� Relevant for “normal”

random variables x.

� Most common and arguably 

most important distribution in 

applied statistics.

� Abbreviated notation N(µ,σ²).

Images from Introduction to Statistical Quality Control, 5th Ed.
by Douglas C. Montgomery, ©2005 John Wiley & Sons, Inc.
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Central Limit Theorem (Review)

� The sum y of n independent random variables x has a distribution that is 
approximately normal, regardless of the distribution of each individual 
random variable xi in the sum.

� The approximation improves as n increases.

� In many circumstances this theorem is often used to justify the assumption 
of a normal distribution regardless of underlying distribution

Images from Introduction to Statistical Quality Control, 5th Ed.
by Douglas C. Montgomery, ©2005 John Wiley & Sons, Inc.
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Standard Normal Distribution

� A standard normal distribution converts an N(µ,σ²) random 

variable to an N(0,1) random variable. Why is this useful?

� The probability that the normal random variable x is less that or 

equal to a threshold a can be determined from the solution to the 

following integral expression.

� Results are tabulated (thankfully) based on a single input, z, in 

what is called a cumulative standard normal distribution table.

� Also:  

σ

µ−
=

x
z

∫∫ ∞−

−

∞−








 −
−

==≤
a

z
a

x

dzedxeaxP 22

1 22

2

1

2

1
}{

ππσ

σ

µ

}{1}{ axPaxP ≤−=≥



San José State University  | A. Mysore |  Spring 2009

Confidence and the Standard Normal Distribution

� For a standard normal 

distribution, the probability 

of lying within any 

specified portion of the 

distribution is explicitly 

known in terms of fractional 

area under the probability 

distribution curve.

� Using z and α provides a 

non-dimensional way of 

specifying probabilities, 

confidence intervals, and 

confidence levels.
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Image(s) from Introduction to Engineering Experimentation by A. J. Wheeler and A. R. Ganji
© 2004 Pearson Education, Inc., Upper Saddle River, NJ.  All rights reserved.
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Standard Normal Distribution Table
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Images from Introduction to Statistical Quality Control, 5th Ed.
by Douglas C. Montgomery, ©2005 John Wiley & Sons, Inc.

Interpret as

“Area under curve”
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Confidence Interval with Known Variance

� In engineering applications, “population” variance σ is often 

never known exactly, but if the number of measurements is 

sufficiently high (n > 30), s serves as a good estimate.

� The z-statistic provides a way to express a confidence interval 

on the population mean, using the mean from a random sample 

of n observations on x:

� Although the population mean is unknown, it is estimated to be 

within an uncertainty interval based on available 

measurements.

� What happens to the interval as σ, α and n change?
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Standard Normal Distribution Example

Description Symbol Units Value Microsoft Excel Formula

Number of observations n 36

Sample average x_bar Ω 25

Population standard deviation σ Ω 0.5

Significance level α 0.100

Lower critical percent α/2 0.050

Lower critical z-value  -zα/2 -1.645 NORMSINV(α/2)

Upper critical percent 1-α/2 0.950

Upper critical z-value zα/2 1.645 NORMSINV(1-α/2)

Lower limit of confidence interval Ω 24.86

Upper limit of confidence interval Ω 25.14

Plus/minus difference from mean Ω 0.14

100(1-α)% confidence interval 90 100*(NORMSDIST(zα/2)-NORMSDIST(-zα/2))

Images from Introduction to Statistical Quality Control, 5th Ed.
by Douglas C. Montgomery, ©2005 John Wiley & Sons, Inc.
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Confidence Interval with Unknown Variance

� In many practical applications, it is often difficult or impossible 
to obtain a large number of measurements to estimate variance.

� Like the z-statistic, the t-statistic also provides a way to express 
a confidence interval on the population mean, but the critical 
value tα/2 depends on degrees of freedom ν = n – 1.
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Image(s) from Introduction to Engineering Experimentation by A. J. Wheeler and A. R. Ganji
© 2004 Pearson Education, Inc., Upper Saddle River, NJ.  All rights reserved.
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Using t-Distribution Tables
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Images from Introduction to Statistical Quality Control, 5th Ed.
by Douglas C. Montgomery, ©2005 John Wiley & Sons, Inc.
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t-Distribution Example

Data Description Symbol Value Excel Formula

1250 Sample average x_bar 1372

1320 Number of observations n 6

1542 Sample standard deviation s 114 STDEV(data)

1464 Confidence interval (1-α) 0.95

1275 Significance level α 0.050

1383 Degrees of freedom ν 5 n-1

Lower critical percent α/2 0.025

Lower critical t-value  -tα/2,ν -2.571 -TINV(α,ν)

Upper critical percent 1-α/2 0.975

Upper critical t-value tα/2,ν 2.571 TINV(α,ν)

Lower limit of confidence 1253

Upper limit of confidence 1492

Plus/minus difference from mean 119
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χχχχ² (Chi-Squared) Distribution

� The chi-squared statistic is used analogously to the 

z-statistic and t-statistic for estimating population 

mean with respect to sample mean, but is used for 

the estimate of population variance σ² with respect 

to sample variance s².
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Image(s) from Introduction to Engineering Experimentation by A. J. Wheeler and A. R. Ganji
© 2004 Pearson Education, Inc., Upper Saddle River, NJ.  All rights reserved.


