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Non-Linear Optics

—=

We've seen that an externally applied electric
field can alter the index of refraction of a
material. At sufficiently high intensities, the
electric field associated with a propagating wave
can have the same effect. This is the premise
behind the field of non-linear optics.
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Non-Linear Response

—=

Consider the response (material polarization) of a
material to an applied electric field (i.e. a propagating
wave)

When the applied electric field is small compared to
the internal binding fields of the material, the response
is primarily linear

Pi ~ €0XijEj

At higher intensities the higher order terms in the

material polarization come into play. Like the electro-

optic effect, centro-symmetric crystals do not have a

2" order nonlinearity (i.e. dijx=0) ch12.3




Non-Linear djx Coefficients

—
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In a non-linear material (dijk#0) the material
polarization will have a component at twice the
optical frequency. From:

Pi(t) = 2ds;, E;(t) Ex (t)
the fields can be written in complex form
Ejeiw1t+E;e—iw1t) (Ekeiw2t+EZ€—iw2t)

1) = e
() Jk 2 2

leading to
1 ~ o~ . ~ o~ . ~ o~ . ~ o~ )
Pz(t> — §dz]k (EjE];k@Z(wl_wQ)t 4 E;Eke_z(wl_wg)t i EjEkez(wl-i—wg)t 4+ E;EZe_z(w1+w2)t)

giving ~

Pi(wl —+ CUQ) = dijkE’j (wl)Ek(wg)
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Non-Linear djx Coefficients

—
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The dijx tensor can be written in contracted form
so that

Ez\

P, di1 di2 diz dia dis dig E%
P, = do1 dog daz doga das  dog -
P,

d31 d32 d33 d34 d35 d36

and has the same form constraints due to crystal
symmetry groups as the electrooptic tensor rij
More specifically:

ch12.5




Wave Equation in a Non-Linear Medium

Starting with the usual Maxwell’s equations
. - - 9D - 8/ = =
VXH:J%—W:J—I—EGOEA—P)

Vx B= 3 (o)
and writing the first of these equations in terms

of the linear and non-linear polarization

components — cox1 B+ Puy

gl

where . ,
(Pvi) = 2d};, B B

(2

we have

and
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Wave Equation in a Non-Linear Medium

which can be combined to get

. OF O°F 9% -
V?E = MOUE + NOEW + NO@PNL

considering the one-dimensional case of
propagation in the z-direction with fields of the

form
. i(wlt—qu)
[E“ (2) e T C‘C'} “—— (.c. stands for

Ei (wla 2 t) —
“complex conjugate”

By (w2, 2,1) = [EQk (2) elwat=he?) 4 c.c.}

Ej (wa,2,t) = 5 | By (2) 179 4 c.c.

—_ N o) =

where i,j, and k can be either the x or vy
directions, and Ws3=Wi+W2.
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Wave Equation in a Non-Linear Medium

computing the derivative with the plane-wave
solutions gives at frequency w

dElZ' (Z)

ez(wlt—klz) ¥+ c.c.
dz

1
V2E¢(wl, Z,t) = —5 k?Elz (Z) + 22/@

for 1=1,2,3 where E;i(z)=Ei(w)) and we have
neglected terms of the form d?E/dz? because we
assume the field amplitudes are varying slowly
compared fo the optical period, i.e.

dEy; d? E;
k
dz > dz?
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Wave Equation in a Non-Linear Medium

P , 7 _ -

The wave equation can thus be written as

i E1 + ik dbni ellwit=kiz) 4 oo = (—iw1p00 +W2M0€) 1E1'€i(w1t_klz) +cc| — M0—2 [Pnr (2,1)];
‘ dz 1 9 ’ Ot2 AL
which can be written using (PNL) = 2d,. F;Ey
K1 =(L)1 Ho€ and Wi=W3-W2 as
dFEq; . .
ih1—"te —zklz:_"Mlg“@Eue—@klz+uow%d;jkEgjE;"ke—%—k”z
giving components of E(wi), E(wz) and E(ws) of
( )
dE i / /
li _ MOEM iy Mo jkEng%e—@(k;g ko—k1)z
dE>
Qk _ /’LLOE%—i—sz /Mo kszllE?)j o i(k1—ks+ka2)z
dE / /
3] — /’LO Egj —ng /’LO ]Zk,Ele2k€ k1+l€2—k33)2
L ch 12.9




Wave Equation in a Non-Linear Medium

_ , A —

dEn; - 0 b —i(kg—ka—k1)2
dz ™ /;L—ldgjkEng%e @

Absorption, i.e. for solution Conversion to/from other
E=Eoe %2 we have frequencies. Whether
conversion is from or tfo
O‘”’\/@ this field depends on the

phase of this field relative
to E; and Es. If Akz, i.e.
(k3—k2—k1)2 changes by m
the conversion switches
signs.
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Second Harmonic Generation

—
—=

Consider case of Wi=W2=wW3/2 and define
Ak=ks-(ki+k2) where Ak=0 in the absence of

dispersion (i.e. dn/dA=0). "2\. | OV

Assume the “pump” wave at w; is not depleted
(dE1/dz=0) and the material is transparent at
frequency ws (i.e. 0=0) and solve for dEs/dz to

get
dE3g _ 03 ,LLOE&7 s @d/mEl Fype—i(ktha—ks)z
2\ e \/

dEs; /
dzgj — _Zw /“‘LO d] k:ElelkelAkZ
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Second Harmonic Generation

—

dEs; [Ho iAkz
dz = —W ?djik;EliElke

giving at the end of a crystal of length L

1AkL
. [ HO 4 € —1
E3j (L) = —1Ww ?dj@'k;EliElk ZAk

: in(AkL/2
Es; (L) = —Qiemkw%ﬂ/ %d;ikElz’Elk sin( AL /2

or

or for the infensity of the sum frequency

component
1 * IAKL

€ * o 2 / 2 2 2 2Sin
I = -/ —£FE3. (L) E3; (L) =24/ — d: . Ei Ef L
< (w3)> 9 110 37 ( ) 37 ( ) p W ( zyk) 1: -1k (%AkL)2

o\ 3 wid?, L? sin” &
) =5 (%) A o) o) Aﬁ:’f
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Phase Matching

From the expression of the intensity of the sum
frequency wave

0\ 8 wdi, L7 sin” 2
() =8 (%) R e et S

we can see that a long crystal benefits
frequency conversion efficiency, but the length is
limited by the sinc?(AkL/2) factor

sin? %AkL

(AAkL)”

unless Ak=0.
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Sinc2AkL/2 term

sin? YAKL
/1 g 2
| (5 ARL)
[ 7
[T
[ ]
/ \
| \
| \
| \
/ \ .
/ \ AKL
—— 4/ 4l \‘4n L
Si < I{ws) o L2 sin? %AkL
Wws X
1 2m
< I(wg) > X —— L -
( ) max (Ak)2 01- max Ak

Thus Ak should be minimized for maximum conversion efficiency ch 12.14




Phase Matching

Physical interpretation of the Sinc2AkL/2 term is
that if Ak#£0 the pump wave at w and the
second harmonic wave at 2w will drift out of
phase over a distance |./2=n/Ak causing the
conversion to cancel the second harmonic wave
rather than augment it.

In normally dispersive materials (dn/dw>0) AK is
not zero without special efforts to arrange it to
be so.

In typical materials, 100 pm
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Angle Phase Matching

In crystals the index of refraction
seen by one polarization can be
tuned by adjusting the angle, for
example in a uniaxial crystal

1 cos?6 sin?6

ng(0)  ng ne

allowing the value of Ak fo be
adjusted if the waves at w;, W
and ws do not all have the same
polarization state. Depending on
the relative polarization states we
have different “types” of phase
matching

E— e

Scheme Polarizations

| Scheme.

E(w)
o o e
II (IIA) e 0 e
o e | e
e e | e
o o | o
VI (IIB) W= o) o)
o | e | o
VIII (I) e o)

For im2<W3
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Angle Phase Matching

|

1 B cos?0 sin?6

Most common non-linear crystal n2(0) n2

Un
are negative uniaxial and normally
dispersive (dn/dw>0) therefore PRI
requiring type I, II or III phase E(wl)
_ o o e

matching.

2
Ne

IT (IIA)

What types of phase matching
would be useful in a positive
uniaxial crystal with normal
dispersion?

VI
VII (IIA)
VIII (I)

For 01£2<W3
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Type I and II phase matching

I T

The most common angle phase matching is type I
and II:

Type I phase-matching has the sum frequency
wave E(ws) with a different polarization than
the other two waves

Type II phase-matching has one of either E
(w1) or E(w2) with a different polarization
state than the other two waves.
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Type I Phase Mafchlng

Technically this is type VIII, but it is

=

commonly referred to as type 1 since the
sum frequency wave is orthogonally
polarized to both pump waves

—=

~oTTar strers—©dn be used as a geome’rric tool to
determine proper phase matching angle. In a

positive uniaxial crystal with normal dispersion:

0 ©

Normal shells Normal shells
for wi=W: for ws=2w;
1 cos?0,, sin6,,

requiring 2020 m2@) | 2w

—)

Ne®(Bm)=no**
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Type I Phase Matching

_—

Normal shells can be used as a geomeftric tool to
determine proper phase matching angle. In a
negative uniaxial crystal with normal dispersion:

Normal shells Normal shells
for wWi=W32 for ws
1 cos2f,, sin?6,,

requiring n2(w)  n2(2w) i n2(2w) ch 12.20




Quasi Phase Matching

_—

If the crystal domain polarity can be engineered to flip
signs every |. the polarity of the sum frequency wave
being generated can flip every time the sum frequency
wave drifts m out-of-phase with the driving waves.

/

~ A m A
2 / 0\ \Viw4 VAL
< [+Z\ XH [+Z\
SN /
>\ // I/ 4 Al
e / ase TChe
o / i-
S / = Quasi-Phase matched
:4:5 // -
c p= -
O / ~
(V2]
o A=
> Not phase matched
C L~ bl
o o )
U o

0 T T T c 3

Z/IC ch 12.




Engineered QPM materials

—
—_—

Periodically Poled Lithium Niobate (PPLN)
Periodically Poled Lithium Tantalate (PPLT)

Orientation Patterned Gallium Arsenide (OpGahAs)

Egétga\t? Photoresis ( Condlilcting gel w M"UUL d!i“' UL i’i U “Ui
ostmm] [ TAT0L 00 0PIt I 1] carent
\ 7 source |1 {,{ ,,,,
N— 111

50mm
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Momentum Conservation

=

—=

Phase matching is a form of momentum
conservation (ki+k2=ks) that must be satisfied
along with energy conservation (W1+W2=Ww3) in
non-linear processes. If we dont require the
beams be collinear then phase matching can be
achieved by crossing beams

ki ke ki ke ki ke kg K Ke
> > );

K3 K3 K3 K3
collinear type I collinear type II Quasi phase non-collinear type

phase matching phase matching matching IV phase matching  ch 12.23




Example of SHG in KDP

—

—_—

Determine the type of phase matching to use for
second harmonic generation in KDP with a

fundamental wavelength of A=694.3 nm, and
determine the phase matching angle using

ne(w)=1.466 ne(zw)=1.487

no(w)=1.506 no(zw)=1.534
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Example of SHG in KDP

_—

no(w)=1.506 no(zw)=1.534

this is a negative uniaxial crystal
with normal dispersion. We can use
type I phase matching and require

1 cos?f,, sin?6,,

ng(w)  n3(2w)  ng(w)
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