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• Quadratic forms
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• Rayleigh quotients



Rayleigh Quotients

Recall

... that we have reviewed linear algebra up to symmetric matrices, which
are square matrices A satisfying AT = A.

A symmetric matrix A ∈ Rn×n has many nice properties:

• All its eigenvalues are real numbers (no complex eigenvalues);
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Rayleigh Quotients

• It is orthogonally diagonalizable, i.e., there exist an orthogonal matrix
Q and a diagonal matrix Λ, both of the same size as A, such that

A = QΛQT ←− spectral decomposition of A

We also know that Λ consists of the eigenvalues of A along the
diagonal, and Q has the corresponding orthonormal eigenvectors
along its columns.
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Rayleigh Quotients

Another use of symmetric matrices is to define the so-called quadratic
forms.

Def 0.1. Let A ∈ Rn×n be a symmetric matrix. A quadratic form based
on A is a function Q : Rn 7→ R with

Q(x) = xTAx, for all x ∈ Rn.

Remark. A quadratic form is a polynomial with terms all of second order:

xTAx =
n∑
i=1

n∑
j=1

aijxixj

Dr. Guangliang Chen | Mathematics & Statistics, San José State University 5/30



Rayleigh Quotients

For example, if A =
(

1 3
3 2

)
and x =

(
x1
x2

)
, then

Q(x) = xTAx = x2
1 + 2x2

2 + 6x1x2

Question: Which matrix corresponds to the following quadratic form?

Q(x) = x2
1 + 2x2

2 + 3x2
3 + 6x1x2 − 4x1x3 + 10x2x3
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Rayleigh Quotients

Positive (semi)definite matrices

Def 0.2. A symmetric matrix A ∈ Rn×n is said to be positive semidefi-
nite (PSD) if the corresponding quadratic form Q(x) = xTAx ≥ 0 for
all x ∈ Rn.

If the equality holds true only for x = 0 (i.e., xTAx > 0 for all x 6= 0),
then A is said to be positive definite (PD).

Theorem 0.1. A symmetric matrix is positive definite (semidefinite) if and
only if all of its eigenvalues are strictly positive (nonnegative).
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Rayleigh Quotients

Example 0.1. Let

A =
(

1 2
2 5

)
,B =

(
1 2
2 4

)
,C =

(
1 3
3 2

)
.

According to the theorem,

• A is positive definite,

• B is positive semidefinite (but not positive definite),

• C is neither.
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Rayleigh Quotients

The following result will be needed later.
Theorem 0.2. For any rectangular matrix A ∈ Rm×n, both AAT ∈ Rm×m

and ATA ∈ Rn×n are square, symmetric, and positive semidefinite.

Proof. It is obvious that ATA is square (n× n) and symmetric:

(ATA)T = AT (AT )T = ATA

To show that it is positive semidefinite, consider the associated quadratic
form for any x ∈ Rn:

xT (ATA)x = (xTAT )(Ax) = (Ax)T (Ax) = ‖Ax‖2 ≥ 0.

The proof for the other product AAT is similar.
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Rayleigh Quotients

Remark. A notable result about the two product matrices, AAT ∈ Rm×m

and ATA ∈ Rn×n, is that they must have the same nonzero eigenvalues
(with the same algebraic multiplicities), due to the following result:

λn det(λI−AAT ) = λm det(λI−ATA).
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Rayleigh Quotients

Matrix square roots
Problem: Let A ∈ Rn×n be a PSD matrix. Find another matrix B of the
same size such that A = B2.

We call B the square root of A and denote it by B = A1/2.

Solution. Since A is symmetric and PSD, there exist an orthogonal matrix
Q ∈ Rn×n and a diagonal matrix Λ = diag(λ1, . . . , λn) with all λi ≥ 0
such that A = QΛQT .

Define
Λ1/2 = diag(λ1/2

1 , . . . , λ1/2
n ).
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Rayleigh Quotients

Clearly, Λ1/2Λ1/2 = Λ.

Let B = QΛ1/2QT . Then

B2 = (QΛ1/2QT )(QΛ1/2QT ) = Q Λ1/2Λ1/2︸ ︷︷ ︸
Λ

QT = A.

Final answer.

B = A1/2 = QΛ1/2QT ←− still a PSD matrix!
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Rayleigh Quotients

Example 0.2. Let A =
(

1 2
2 4

)
, which is PSD because it has two

nonnegative eigenvalues λ1 = 5, λ2 = 0. To find the matrix square root of
A, we need to first find its orthogonal diagonalization:

(
1 2
2 4

)
=

 1√
5 − 2√

5
2√
5

1√
5

(5
0

) 1√
5 − 2√

5
2√
5

1√
5

T

It follows that

A1/2 =

 1√
5 − 2√

5
2√
5

1√
5

(√5
0

) 1√
5 − 2√

5
2√
5

1√
5

T =

 1√
5

2√
5

2√
5

4√
5


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Rayleigh Quotients

Rayleigh quotients

Problem (constrained). Given a
symmetric matrix A ∈ Rn×n, find
the extreme values of the associated
quadratic form over the unit sphere
in Rn:

max
x∈Rn

xTAx subject to ‖x‖2 = 1

Same problem (unconstrained):

max
x 6=0∈Rn

xTAx
xTx ← scaling invariant

(Illustration when n = 2)

b

b

b

b

b

b

‖x‖ = 1
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Rayleigh Quotients

Def 0.3. For a fixed symmetric matrix A, the normalized quadratic form
xT Ax
xT x is called a Rayleigh quotient.

Given also a positive definite matrix B of the same size, the quantity xT Ax
xT Bx

is called a generalized Rayleigh quotient.

For the two matrices A =
(

1 3
3 2

)
and B =

(
1 2
2 5

)
(positive definite),

we have
xTAx
xTx = x2

1 + 2x2
2 + 6x1x2

x2
1 + x2

2
xTAx
xTBx = x2

1 + 2x2
2 + 6x1x2

x2
1 + 5x2

2 + 4x1x2
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Rayleigh Quotients

Rayleigh quotients have many applications:

• PCA: maxv 6=0
vT Σv
vT v (Σ: covariance matrix)

• LDA: maxv 6=0
vT Sbv
vT Swv (Sb: between-class scatter, Sw: within-class

scatter)

• Spectral clustering: maxv 6=0
vT Lv
vT Dv (L: graph Laplacian, D: de-

gree matrix)
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Rayleigh Quotients

Theorem 0.3. For any given symmetric matrix A ∈ Rn×n,

max
x∈Rn: x 6=0

xTAx
xTx = λmax (when x = “largest” eigenvector of A)

min
x∈Rn: x 6=0

xTAx
xTx = λmin (when x = “smallest” eigenvector of A)
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Rayleigh Quotients

Example 0.3. For the Rayleigh quotient Q(x) = x2
1+4x2

2+4x1x2
x2

1+x2
2

corre-

sponding to the PSD matrix A =
(

1 2
2 4

)
,

• The maximum value of Q(x) is 5, achieved at x = 1√
5(1, 2)T ;

• The minimum is 0, achieved at x = 1√
5(−2, 1)T

The overall range of the Rayleigh quotient is thus [0, 5].
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Rayleigh Quotients

Proof: (1) by linear algebra:

max
x 6=0∈Rn

xTAx
xTx

Since the quotient is scaling invari-
ant, we only need to focus on the
unit sphere:

max
x∈Rn: ‖x‖=1

xTAx

(2) by multivariable calculus:

max
x∈Rn

xTAx subject to ‖x‖2 = 1

b

b

b

b

b

b

‖x‖ = 1

Dr. Guangliang Chen | Mathematics & Statistics, San José State University 19/30



Rayleigh Quotients

Linear algebra approach

Proof. Let A = QΛQT be the spectral decomposition, where Q =
[q1, . . . ,qn] is orthogonal and Λ = diag(λ1, . . . , λn) is diagonal with
sorted diagonals from large to small. Then for any unit vector x,

xTAx = xT (QΛQT )x = (xTQ)Λ(QTx) = yTΛy

where y = QTx is also a unit vector:

‖y‖2 = yTy = (QTx)T (QTx) = xTQQTx = xTx = 1.
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Rayleigh Quotients

So the original optimization problem becomes the following one:

max
y∈Rn: ‖y‖=1

yT Λ︸︷︷︸
diagonal

y

To solve this new problem, write y = (y1, . . . , yn)T . It follows that

yTΛy =
n∑
i=1

λi︸︷︷︸
fixed

y2
i (subject to y2

1 + y2
2 + · · ·+ y2

n = 1)

Because λ1 ≥ λ2 ≥ · · · ≥ λn , when y2
1 = 1, y2

2 = · · · = y2
n = 0 (i.e.,

y = ±e1), the quadratic form attains its maximum value yTΛy = λ1.

In terms of the original variable x, the maximizer is

x = Qy = Q(±e1) = ±q1.
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Rayleigh Quotients

Multivariable calculus approach

Proof. Alternatively, we can use the method of Lagrange multipliers to
prove the theorem.

First, we form the Lagrangian function

L(x, λ) = xTAx− λ(‖x‖2 − 1).

Next, we need to compute the partial derivatives ∂L∂x = ( ∂L∂x1
, . . . , ∂L∂xn

)T , ∂L∂λ
and set them equal to zero (in order to find its critical points).
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Rayleigh Quotients

For this goal, we need to know how to differentiate functions like xTAx, ‖x‖2

with respect to the vector-valued variable x.

We present a few formulas of such kind on next slide.

Proposition 0.4. For any fixed symmetric matrix A ∈ Rn×n, fixed rectan-
gular matrix B ∈ Rm×n and fixed vector a ∈ Rn, we have

∂

∂x(aTx) = a, ∂

∂x(‖x‖2) = 2x

∂

∂x(xTAx) = 2Ax, ∂

∂x(‖Bx‖2) = 2BTBx
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Rayleigh Quotients

Proof. Each of the top two identities can be verified by direct calculation
of the kth partial derivative, for each 1 ≤ k ≤ n:

∂

∂xk

(
aTx

)
= ∂

∂xk

(∑
aixi

)
= ak

∂

∂xk

(
‖x‖2

)
= ∂

∂xk

(∑
x2
i

)
= 2xk.
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Rayleigh Quotients

For the third identity involving xTAx,

∂

∂xk
(xTAx) = ∂

∂xk

∑
i

∑
j

aijxixj



= ∂

∂xk

∑
j 6=k
i=k

akjxkxj +
∑
i 6=k
j=k

aikxixk + akkx
2
k


=
∑
j 6=k

akjxj +
∑
i 6=k

aikxi + 2akkxk

=
∑
j

akjxj +
∑
i

xiaik

= A(k, :)x + xTA(:, k)
= 2A(k, :)x (since A is symmetric)
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Rayleigh Quotients

Collectively, we have

∂

∂x(xTAx) =


∂
∂x1

(xTAx)
...

∂
∂xn

(xTAx)

 =


2A(1, :)x

...
2A(n, :)x

 = 2Ax

The last identity can then be verified by writing

‖Bx‖2 = (Bx)T (Bx) = xT (BTB)x

and applying the third identity.
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Rayleigh Quotients

Now, applying the formulas obtained previously, we have
∂L

∂x = 2Ax− λ(2x) = 0 −→ Ax = λx

∂L

∂λ
= ‖x‖2 − 1 = 0 −→ ‖x‖2 = 1

This implies that x, λ must be a (normalized) eigenpair of A. For any
solution λ = λi,x = vi, the objective function xTAx takes the value

vTi Avi = vTi (λivi) = λi‖vi‖2 = λi.

Therefore, the eigenvector v1 (corresponding to largest eigenvalue λ1 of
A) is the global maximizer, and it yields the absolute maximum value λ1.
Similarly, the eigenvector vn corresponding to the smallest eigenvalue λn
is the global minimizer with absolute minimum λn.
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Rayleigh Quotients

The generalized Rayleigh quotient problem
Corollary 0.5. For a fixed symmetric matrix A, and a fixed positive definite
matrix B of the same size, the extreme values λ of the generalized Rayleigh
quotient xT Ax

xT Bx (and the corresponding vectors v) satisfy

Av = λBv ⇐⇒ B−1Av = λv

Remark. The left equation is called a generalized eigenvalue problem, which can be easily solved
in MATLAB:

• E = eig(A,B) produces a column vector E containing the generalized eigenvalues of
square matrices A and B.

• [V,D] = eig(A,B) produces a diagonal matrix D of generalized eigenvalues and a full
matrix V whose columns are the corresponding eigenvectors.
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Rayleigh Quotients

Proof. There are two ways to prove this result:

• Substitution method: Since B is PD, it has a square root, denoted
as B1/2 (which is also PD and thus invertible). Let y = B1/2x.
Then the denominator can be written as

xTBx = xTB1/2B1/2x = yTy

Substitute x = (B1/2)−1y denote= B−1/2y into the numerator to
rewrite it in terms of the new variable y. This will convert the
generalized Rayleigh quotient problem back to a regular Rayleigh
quotient problem, which has already been solved. The rest of the
proof is left as homework.
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Rayleigh Quotients

• Method of Lagrange multipliers: The optimization of the gener-
alized Rayleigh quotient

max
x 6=0

xTAx
xTBx

is equivalent to the following constrained optimization problem:

max
x∈Rn

xTAx subject to xTBx = 1

Now, we can apply the method of Lagrange multipliers with the
Lagrangian function

L(x, λ) = xTAx− λ(xTBx− 1).

The remaining steps are also left as homework.
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