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Dot product and orthogonality

Introduction
In this lecutre we introduce geometric concepts such as
e length,
e distance,
e angle, and
e orthogonality
for vectors in R".

They are all based on the so-called inner/dot product between vectors.
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Dot product and orthogonality

Dot product

Def 0.1. The dot product, also called inner product, between any two
vectors of R™

Uy U1
u= , V=
Unp, Un
is defined as
U1
u-v =ugvr F Uy = [ur.ouy) | 5| = ulv
N~ ) S~~~
vector dot product Up, matrix product
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Dot product and orthogonality

Properties of the inner product

Let u, v be vectors in R™, and ¢ a scalar. Then
eu-u>0andu-u=0if and only if u=0.
eu-v=v-u

e (UtV) wW=u-w+H+v-w
u-(v+w)=u-v+u-w

e (cu)-v=u-(cv)=c(u-v)
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Dot product and orthogonality

The length of a vector

Def 0.2. The length (or norm) of Hu”2 — % + u%
a vector of R"
251 B » U — (Ul, UQ)
u=| - i
|
Uy, !
is defined as i

Jull = Vaa = Ju? + -+ u2

Uy

Prof. Guangliang Chen | Mathematics & Statistics, San José State University 6/69



Dot product and orthogonality

Properties of vector norm
Let u, v be vectors in R", and ¢ a scalar. Then
e |[ul >0 and |[u| =0 if and only if u=0.
o Jlcu]l = le] - [[ull. In particular, | — u] = [ul]

o [utv|?=u?+|v|*+2u-v.
This implies that [Ju & v||? = ||u||?> + ||v||? if and only if u-v = 0.

Prof. Guangliang Chen | Mathematics & Statistics, San José State University 7/69



Dot product and orthogonality

Proof.

e This is obviously true based on the definition.

o [cull = /(cur)? + - + (cun)? = \/CZ(U% +otu) = el - lull.
e We show the formula for u + v first:

[u+ V[ =(u+v) (u+v)
=u-ut+u-v+4+v-u+v-v

= [[ul* +2u- v+ ||v]?
Now, apply this formula with u and —v gives the other formula:

lu+ (=v)[* = Jul* + 2u- (=v) + || = v|?
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Dot product and orthogonality

Unit vectors in R”

Def 0.3. A vector u € R"™ whose v
length is 1 is called a unit vector.

<«

Theorem 0.1. For any nonzero vec-
tor v € R", the normalized form
1
—V
gl

is a unit vector.

Proof. || kvl = vl = 1. O
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Dot product and orthogonality

Distance in R"

Def 0.4. The distance between two
vectors u, v € R" is defined as

dist(u,v) = ||lu — v]|
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Dot product and orthogonality

Orthogonal vectors
Def 0.5. Two vectors u,v € R™ are
said to be orthogonal if u-v = 0.

Remark. Two vectors u,v € R" are
orthogonal if and only if

lu£v|? =l + [|v|?
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Dot product and orthogonality

Angle between two vectors in R”

Def 0.6. The angle 0 between two u-v=||ul|||v] cos@
vectors u, v € R” is defined as
u-v u v u
cosf = = C—
all vl fhafl vl
0

Remark. Two special cases:
e u,v are orthogonal (u-v = 0):

cost =0 (0 =7%)

e u,v coincide (u = v):
cosf =1 (0=0)
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Dot product and orthogonality

Example 0.1. Let u = [3,4]7, v = [-1,1]7. Compute the following:
e Dot product u-v
e Norms of u, %u,v, —2v
e Distance between u, v

e Angle between u,v
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Dot product and orthogonality

Orthogonal sets

Def 0.7. A set of vectors vq,...,vi € R" is said to be an orthogonal
set if each pair of vectors from the set is orthogonal, that is, if

v;-v; =0, foralli#j.
V2
Vi

V3
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Dot product and orthogonality

Example 0.2. The following sets of vectors of R? are orthogonal sets:
e e =[1,0,0",e; =[0,1,0]",e3 = [0,0,1]7

e vi=[1,1,11"vo=[1,-1,0]", vz = [1,1,-2]T
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Dot product and orthogonality

Orthogonal sets must be linearly independent sets

Theorem 0.2. If S = {v1,...,vi} C R™ is an orthogonal set of nonzero
vectors, then it is a linearly independent set.
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Dot product and orthogonality

Proof: Suppose
civi+ - +cpvp =0

for some scalars ¢y, ¢, . . . ck.

For each i = 1,... k, take dot product between v; and each side of the
equation to get
vi-(avi+ -+ epvig) =v; -0

Since vy, ..., vy are orthogonal to each other, we have
Ci(VZ‘ . Vi) — V;- (civi) =0

Since v; is nonzero, i.e., v; - v; # 0, we obtain that ¢; = 0. This thus
completes the proof.
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Dot product and orthogonality

Orthogonal basis (basis + orthogonality)

Def 0.8. A basis B for a subspace W of R" is called an orthogonal basis
for W if B is also an orthogonal set.

L.
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Dot product and orthogonality

Example 0.3. Each of the following two sets of vectors is an orthogonal
basis for R?:

e e; =[1,0,0]",e2 =[0,1,0]7,e3 = [0,0,1]T
o vi=[1,1,1]", vy =1[1,-1,0/7,v3 = [1,1,-2]7
but the following sets are not:
e vi =[1,1,0]", vy = [1,—1,0]” (only an orthogonal set)

e vi =[1,0,0]", vy =[1,1,0]",v3 = [1,1,1]7 (only a basis)
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Dot product and orthogonality

Under an orthogonal basis, coordinates are easy to compute

Theorem 0.3. Let B = {vy,..., vy} be an orthogonal basis for a subspace
W of R™. For any vector x € W, the coordinate vector of x with respect

to the basis is

C1
. XV XV
xlg=1|:], with ¢ = = = 5
vi-vi i
Ck
This implies that
X -V X Vg
X201V1+"'+Ckvk: V1+—|— vk
Vi -Vi Vi - Vi
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Dot product and orthogonality

Proof. Suppose
civi+ -tV =X

for some scalars ci, co, . ..ci. We need to solve for cy,...,ck.
Foreach¢=1,...,k, use v; to take dot product with the equation to get
Vi-x=v;-(c1vi+ -+ cpvy)
=V;- (civi) = Ci(Vz‘ . Vi)
where we have used the orthogonality of the vectors.

Since v; is nonzero, i.e., v; - v; # 0, we obtain that
V; - X

C; =
V; - V;

This thus completes the proof.
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Dot product and orthogonality

lllustration: Coordinates relative to an orthogonal basis

(c1, ) = (V}i,‘;ll, %)
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Dot product and orthogonality

Example 0.4. For the coordinate vector of x = [1,2,3] with respect to
the orthogonal basis

vi=[1,1,17,vo =[1,-1,07,v3 =[1,1,-2]7
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Dot product and orthogonality

Orthonormal = orthogonal + unit length

e A set of vectors vi,...,vg in R” is called an orthonormal set if
the vectors are orthogonal to each other and all have unit norm.

e An orthogonal basis for a subspace of R is called an orthonormal
basis if the basis vectors all have unit norm.

V2
e S0
/ | ‘W1
\ /
\\ ’/

W ,
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Dot product and orthogonality

Example 0.5. Each of the following sets of vectors is an orthonormal
basis for R?:

e e =[1,0,01", e =[0,1,0]", e5 = [0,0,1]7

® V)= \/Lg[l’ 1a 1]Tav2 = \/LQ[]-: _1a0]T7V3 = \/Lg[]-: ]-7 _2]T
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Dot product and orthogonality

Expansion onto an orthonormal basis is even easier

Corollary 0.4. Let B = {vy,..., vy} be an orthonormal basis for a subspace
W of R™. For any vector x € W, the coordinate vector of x with respect

to the basis is

xlg=1|:], with ¢ =x-v;
Ck

This implies that

X =c1Vi+ gV = (X Vi) Vi 4o+ (X V) vy
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Dot product and orthogonality

Example 0.6. Find the coordinates of x = [1,2, 3]7 with respect to the or-

thonormal basis v; = %[1, LT vy = \/%[17 —1,0]",vs = %6[1, 1,-2]7
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Dot product and orthogonality

Orthogonal subspaces

Let W be a subspace of R™ and x a vector in R™. We say that x is
orthogonal to W if x - w = 0 for all w € W, and denote it by x 1 .

X
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Dot product and orthogonality

Def 0.9. Let U,V be two subspaces of R".

e The two subspaces U,V are said to be orthogonal to each other if
every vector u € U is orthogonal to V' and every vector v € V is
orthogonal to U. That is,

u-v=0, forallueU,veV.

e They are called orthogonal complements of each other in R" if
they are orthogonal to each other and their total dimension is equal
ton (i.e., dim(U) + dim(V) = n). In this case, we write U = V+
and V=U"'.
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Dot product and orthogonality

Example 0.7. In the right picture, U
U,V,W are all subspaces of R3.

e orthogonal subsapces:
Uand V, U and W

e orthogonal complements:
only U and W.

We thus write U = W+ and
w=U+t.

Prof. Guangliang Chen | Mathematics & Statistics, San José State University ~ 30/69



Dot product and orthogonality

Row(A),Nul(A) are orthogonal complements

For any matrix A € R™*"™, one can define three kinds of susbpaces, but
only two of them belong to the same vector space:

Row(A), Nul(A) C R" (Col(A) CR™)

In fact, these two must be orthogonal complements.

Theorem 0.5. For any matrix A € R™*"™,

(Row(A))* = Nul(A)
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Dot product and orthogonality

To prove that Row(A), Nul(A) are orthogonal complements, we need to
verify

(1) The two subspaces are orthogo- (2) Their total dimension is n, i.e.,
nal to each other: dim(Row(A)) 4+ dim(Nul(A)) = n.
This is because

e dim(Row(A)) = rank(A) =
#pivots;

e dim(Nul(A)) = n —
rank(A) =
#free variables
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Dot product and orthogonality

Remark. The theorem implies that the orthogonal complement of Col(A)
in R™ is Nul(AT):

(Col(A))*+ = (ROW(AT))L = Nul(AT)
where

Nul(AT) = {x e R" | ATx = 0} = {x ¢ R" | xTA = 07}

=07
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Dot product and orthogonality

Example 0.8. Consider the following matrix and its RREF
A 1 2 3 . 1 0 -1
4 5 6 01 2

o ROW(A) = span{[l, 0, _1]T7 [07 1, 2]T}' and

We have

e Nul(A) = span{[1,-2,1]7}.
The two subspaces are orthogonal complements of each other (inside R?).

On the other hand, Col(A) = R? and Nul(A”) = {0}. The two subspaces
are also orthogonal complements of each other (in R?).
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Dot product and orthogonality

Orthogonal matrix (square matrix w/ orthonormal columns)

Def 0.10. A square matrix Q = [qy,...,qy] € R™™" is called an orthog-
onal matrix if its columns are an orthonormal set of vectors, i.e.,

1, 7= j <— Unit norm
Qi dj = L, :
0, i # j+— Orthogonality

Remark. The columns of an n X n orthogonal matrix must form an
orthonormal basis for R™ (and vice versa).
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Dot product and orthogonality

Example 0.9. The following is an example of an orthogonal matrix (be-
cause the columns of the matrix form an orthonormal basis for R3):

I
V3 V2 V6
N
V3 vz Ve
I Y —
V3 V6
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Dot product and orthogonality

Inverse of an orthogonal matrix is its transpose

Theorem 0.6. If Q € R™ ™ is an orthogonal matrix, then Q™' = Q7.
The converse is also true.

Proof.
af 10 0
Q'Q= q.2T [A1q2. .. an) = (:) ! ! =1,
a 0 0 1
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Dot product and orthogonality

The orthogonal projection problem

Let B={vy,..., vy} be an orthog- e Y
onal basis for a subspace W of R". E
We have showed that if x lies in W, E
then it can be represented as Vi y /' projyy
®x
V2
XV XV W
X = L \'21 _|_ . _|_ k Vi
vi-Vvi Vi - Vi

It can be shown that ¥ is the closest
For any vector y outside of W, pointin W toy.
its orthogonal projection onto W,
¥y = projyy, will be inside W. Question: How can we find y7
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Dot product and orthogonality

Remark. In order for ¥ to be the orthogonal projection of y onto W, we
must have
y-yLWwW
In particular,
y—yLlv;, 1<i<k and y—-y_Ly.

This also leads to a decomposition of y along W and W+:

y=3 +y—-9)
< ——
ew ewt

Lastly, the distance from y to W can be defined as follows:

dist(y, W) = lly = 9l, ¥ = projwy
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Dot product and orthogonality

The case of k=1

We first consider the projection of a Suppose ¥ = ¢1v1 (with ¢; TBD).
point onto a 1-dimensional subspace Since y — ¥ must be orthogonal to
spanned by a single vector v. W, we have

y O=vi-(y—9)=vi-(y—civi1)

=Vi'y—CVviVi

This yields that

: y-vi N y Vi
Projwy 1 = — yY=_—"V
Vi-Vvi vVi-Vvi

1
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Dot product and orthogonality

Example 0.10. Let v = [3,4]7. Find the projection of x = [1,0]% onto
the subspace spanned by v. What is the distance from x to the subspace?
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Dot product and orthogonality

The case of k£ =2

When k = 2, suppose ¥ = ¢1vy + cova (with ¢1,co TBD).

Since y — y must be orthogonal to W, and in particular, y —§ must be
orthogonal to vy, we have

0=vi-(y—-y)
=vi-(y—cvi —cva)
=vy-y—cvy-vi—0
from which we obtain that

y-vi
Cc1 =
Vi1V
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Dot product and orthogonality

Similarly, y — ¥ must be orthogonal to vs:

From this, we obtain that

Vo - V9
Putting everything together,

N y-vi y- v2
Vi-Vi V2 V2
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Dot product and orthogonality

Geometric interpretation

Projection onto a subspace (with an o y
orthogonal basis) is equal to the sum o
of projections onto the basis vectors ','I ,,"E
individually:

N 2! V2

yz‘i‘vlvﬁ—s;_vzvz |44

y1 y2
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Dot product and orthogonality

Example 0.11. Let vi = [1,1,0]%,ve = [1,—1,0]T. Find the projection
of x = [2,3,4]7 onto the subspace spanned by v1, vo.
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Dot product and orthogonality

The general case of any £

The previous approach applies to any k, leading the following result.

Theorem 0.7. The orthogonal projection of any vector y € R" onto a

subspace W, with an orthogonal basis {v1,..., v}, is
v -V
pProjyy = Y Vi v+ + Y kvk
Vi1-Vi Vi - Vi

Remark. If the orthogonal basis is orthonormal, then the formula simplifies
to

projyy = (y - vi)vi + -+ (¥ - vi)vi
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Dot product and orthogonality

The Gram-Schmidt Orthogonalization Process

Orthogonal bases are great because they simplify the math in many cases,
such as finding coordinate vectors and orthogonal projections.

An important question would be, how do we construct orthogonal bases?

The Gram-Schmidt process is a procedure that converts any given basis of
a subspace to an orthogonal basis for the same subspace:

{v1,...,vi} (general basis) — {uy,...,u;} (orthogonal basis)
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Dot product and orthogonality

Theorem 0.8 (Gram-Schmidt Orthogonalization). Given a basis {v1,..., v}
for a nonzero subspace W C R"™, the following vectors uy, ..., u; form

’ )

an orthogonal basis for W:

u; =V
. Vo - ug
Uz = Vp — pProj,,, vg = vp — ——1Uuj
up - uqp
. V3 -uj V3 - ug
U3 = V3 —PIroj,, ,,v3 =vz — ——Uu] — —— U
u; - ug ug - u2
. . . Vi - up Vi - Ug—1
Up =V —=Pro)y, v, Yk =V — U1 — - — ——— U]
up - up Up—1 - Ug—1

Remark. To further get an orthonormal basis, just normalize each u;.
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Gram Schmidt: {vy,vo} — {uj,us}

V1 < U

U = Vo — pfojule
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Dot product and orthogonality

1

Example 0.12. Given a basis for R?: v = lQ

3
] , Vg = L] construct an

orthogonal basis from it.
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Dot product and orthogonality

Example 0.13. Find an orthogonal basis for the span of

1 1
vi= |1, vo=12
1 3
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Dot product and orthogonality

Example 0.14. Find an orthogonal basis for the span of

1 1 0
vi=|1|,vo=1|2|,v3=|[1
1 3 b

How can we further obtain an orthonormal basis?
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Least-squares (LS) problems

Often we encounter inconsistent systems of linear equations (e.g., due to
contradictions among the equations):

Ax=Db

Though an exact solution does not exist, we can still hope to find an x

such that Ax is as close to b as possible, i.e.,

Ax~Db

The specify what we mean by “close”, we need to choose a criterion. Then
the solution is said to be optimal under the chosen criterion.
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For example, the following system has no exact solution:

r+y=3 1 1 3

gj—y:l — 1 -1 [x]: 1
y

2z + 3y = 6.4 2 3 6.4

but the pair of x = 1.92,y = 0.88 makes all equations nearly true
(2.8,1.04,6.48).

We shall see that this solution is optimal under the so-called least squares

criterion.
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Mathematical formulation of LS problems

Formally, we formulate the following ® b
LS problem: i

min |Ax — b| i

xeR™ ar A AX
where A = [ajay...a,] € R™*"
(with m > n), and b € R™ are 0
both given. W=Col(A) a,

The solution to the above LS prob-
lem is called the LS solution of the
equation Ax = b.
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Dot product and orthogonality

Since Ax € Col(A) for all x, we are looking for the closest vector to b in
the column space of A.

The least squares solution x should be such that b — Ax L Col(A). In
particular, it is orthogonal to every column of A:

al(b-Ax)=0, al(b-Ax)=0, ..., al(b-—Ax)=0

These equations can be combined together as follows:
AT(b-Ax)=0 — ATAx=A"b
This equation has a unique solution when AT A € R™" is invertible:

x = (ATA)'ATD.
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Remark. The invertibility condition for AT A holds true if and only if all
the columns of A are linearly independent, in which case we say that A is
of full column rank.

The reason is that for any matrix A € R™*"

rank(ATA) = rank(A).

We prove this result by showing that the two matrices have the same null
space, i.e., Nul(ATA) = Nul(A).
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Proof of Nul(ATA) = Nul(A):

(1) Nul(A) C Nul(ATA): Suppose that x € Nul(A), i.e., Ax = 0.
Multiplying both sides by AT gives that ATAx = AT0 = 0. This
shows that x € Nul(ATA).

(2) Nul(ATA) C Nul(A): Suppose that x € Nul(ATA),ie, ATAx =
0. Multiplying both sides by x” gives that

0=x"ATAx = (Ax)T(Ax) = || Ax|>.

This implies that Ax = 0 and thus that x € Nul(A).
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Dot product and orthogonality

We have thus obtained the following result.

Theorem 0.9. If A is of full column rank (i.e., it has linearly independent
columns), then the following problem

min |Ax — b||

has a unique solution
x = (ATA)'ATD.

Remark. The LS approximation error is

| A(ATA)7'AT b—b|
N—————

HeR”?*X" Hat matrix
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Example 0.15. Verify that the least squares solution of the following
linear system

r+y=3
r—y=1
2z 4+ 3y =64

isz =192,y =0.88.
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Application to simple linear regression

Given data (z1,y1),--., (ZTn,Yn),
we would like to fit a line y = y=Po+he
Bo + Pix (exactly or as closely as
possible to the data):

Bo+ Pz =y, i=1,....,n

This is a linear system consisting of n T; T
equations, in two unknowns (S, 51).

It typically has no exact solution due

to noise.

Prof. Guangliang Chen | Mathematics & Statistics, San José State University =~ 61/69



Dot product and orthogonality

We can derive the matrix equation corresponding to the above problem,
as well as its LS solution.

Let
1 = Y1
1 T2 0 Y2
X = . . b ﬁ = /8 b y = N
Do B1 :
1 x, Un,

Then the linear system can be written as

XB=y
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The least squares solution is given by
B=X"X)"'X"y
It follows that the LS regression line is given by
y=Po+ px

where gy, 51 are the components of .
Remark. The LS fitted values are

XB =XXTxX)"1xTy
and the LS fitting error is

ly = X8l = || (1 - XXTX)~'X") y|
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Example 0.16. Given the following data, find the least-squares regression
line. What are the LS fitted values and total fitting error?

— @-——-—-9
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Remark. To perform linear regression on larger data sets, use software.

B, = 0.5749, B, = 1.8847

4 g
Y L]
H
8
o ') .o
8 . ey N

Fry = S."..:. Ky
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The multiple linear regression problem

Consider a linear model with multiple predictors
y = Po+ biz1 + Paxo + -+ + Brg
where
® i response,
® x1,...,xk: predictors

e 5o,051,..., Pk coefficients (unknown)
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X1
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Assume n observations of the response and predictors (subject to noise),
(£i1axi2a"'amik7yi)7 ]-SZS’H,
We would like to use the data to estimate Sy, 51, ..., Bk such that

yi = Bo + Prxia + Boxio + -+ Braik, 1<i<n

Let p = k + 1 (#regression coefficients including the intercept) and

Y1 1 711 ®12 -+ 71k Bo

Y2 1z w2 -+ Tog b1
y= Y X= : : : .. o B =

Yn 1 xp1 @2 -0 T B
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Dot product and orthogonality

The goal of multiple linear regression is to estimate 3 such that

~ X -
y ~ X - B
nx1 nXp px1

Under the LS criterion, the regression coefficients can be found by using
symbolically the same formula.

Theorem 0.10. If X is of full column rank, then the LS solution of the
multiple linear regression problem is

B=(X"X)"'X"y
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