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Chapter learning objectives:

» Appreciate that the Fourier series are the mathematical form for periodic physical phenomena.

 Learn to use Fourier series to represent periodical physical phenomena in engineering analysis.

* Learn the required conditions for deriving Fourier series.

* Appreciate the principle of using Fourier series derived from the function for one period to apply the
same Fourier series for other periods.

* Derive the mathematical expressions of Fourier series representing common physical phenomena.

» Understand the convergence of Fourier series of continuous periodic functions.

» Understand the convergence of Fourier series of piecewise continuous functions.

» Understand the convergence of Fourier series at discontinuities.



Introduction of Fourier Series

The inventor: Jean Baptiste Joseph Fourier (1749-1829), a French mathematician.

Major contributions to engineering analysis:

e Mathematical theory of heat conduction (Fourier law of heat conduction in Chapter 7).
e Fourier series representing periodical functions.

e Fourier transform: Similar to Laplace transform, but for transforming functions with variables in the
range of (-« and +«) - a powerful tool in engineering analysis.

The function that describes a specific physical quantity by the Fourier series can be used to represent the same periodic
physical quantity in the entire spectrum of which the variable of the function covers.



Periodic Physical Phenomena are common in our day-to-day lives:

Forces on the needle in a sewing machine



Machines with Periodic Physical Phenomena — Contd
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machine involving
cyclic punching
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In a 4-stroke internal
combustion engine:
Cyclic gas pressures
on cylinders,
and forces on connecting
rod and crank shaft




The periodic variation of gas pressure in the cylinder head
of a 4-stoke internal combustion engine:

The P-V Diagram
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But the stroke | varies with time of the rotating crank shaft, so the
time-varying gas pressure is illustrated as:

Pressure, P(t)

Period T

Period T

So, P(t) is a periodic function
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Mathematical expressions for different kinds of periodical signals

from an oscilloscope:

Piece-wise continuous function)




FOURIER SERIES — The mathematical
representation of periodic physical phenomena

e Mathematical expression for periodic functions:

e |f f(x) is a periodic function with variable x in ONE period 2L
e Then f(x) = f(xx2L) = f(xx4L) = f(xx 6L) = f(xx8L)=.......... =f(x£2nL)
where n = any integer number

1 f(x)
Period: ( -1, 11) Or (0, 217)

-31'}\/-/211 - 0 M'ﬂ' 31

(a) Periodic function with period (-1T, )

Period = 2L: 4 f(t)

(b) Periodic function with period (-L, L)



Mathematical Expressions of Fourier Series

e Required conditions for deriving Fourier series:

e The mathematical expression of the periodic function f(x) in one period
must be available
e The function in one period is defined in an interval (c < x < c+2L)
in which ¢ = 0 or any arbitrarily chosen value of x, and L = half period
e The function f(x) and its first order derivative f'(x) are either continuous
or piece-wise continuous in ¢ < x < c+2L

e The mathematical expression of Fourier series for periodic function f(x) is:

f(x) = a—2°+2(an CosnTﬂX+bn SinnTﬂXj = f(xx2L)=f(x+4L)=..... (5.1)
n=1
where a,, a, and b, are Fourier coefficients, to be determined by the following integrals:

1 ec+2L N X

a, = . L f(x) CosT dx N=012,3,....ccccceurrnn. (5.2a)
1 pe+2L . nax

b, = — f (x) Sin—— dx N=123,...cccceovrnrn. 5.2b

=T feosin= (5.20)

Occasionally the coefficient a,, as a special case of a, with n = 0 in Equation (5.2a) needs to be
determined separately by the following integral:

ao _ %J:H—ZL f(xﬁx (5.2(:)



Example 5.1 (p.155)

Derive a Fourier series for a periodic function with period (-1, 7):

We realize that the period of this function 2L = 1 — (-11) = 211. The half period is L = 1.
If we choose ¢ = -1, we willhave c+2L = -+ 21 =11

Thus, by using Equations (5.1) and (5.2), we will have:

f(x) = %JFZ(an Cos & +b_Sin nx j
n=1

L=x L=x

1 c+2l=—z+27 nzX
d a, = f (x) Cos dx
an L=7x J.C=—” (0 L=7x

1 c+2l=—7+27 . nhax
b = f (x) Sin dx
" L==x L*ﬂ () L=x

Hence, the Fourier series is:

f(x) = zjl—zoJri(an Cos (nx) + b, Sin(nx)) (5.3)
n=1
with a, = 1 r f (x) Cos (nx) dx nN=0,12,3,....ccccceeernnnn. (5.4a)
T 7
b, == [ () Sin(nx) dx =123 (5.4b)
7Z' 7T

We notice the period (-11, 1) might not be practical, but it appears to be common in many applied math
textbooks. Here, we treat it as a special case of Fourier series.



Example 5.2 (p.155)

Derive a Fourier series for a periodic function f(x) with a period (-{, {)
Let us choose ¢ = -{, and the period 2L = { - (-) = 2{, and the half period L = {

£ (%) :%+Z(an Cos % 1p Sinn—ﬂxj
n=1

L=¢ " L=/
1 2L=—(+20 N 7zzX
a, = —— T g (x) Cos dx
L=27¢ de=t =
. 1 C+2L=—(+2( f () Sin F¢ dx
L=27¢ Je=t L=
Hence the Fourier series of the periodic function f(x) becomes:
a = .
F() =2+ [ a, Cos 2 +h, Sin 2 (5.5)
2 l 14
with
1 ¢ N 72X
a, = n L f(x) Cosde N=0,12,3,..cccccccurrrrn. (5.63)
1 ¢ . Nax
b, =5 [, fo Sin—"~ dx N=123 oo (5.6b)

11



Example 5.3 (p.155)

Derive a Fourier series for a periodic function f(x) with a period (0, 2L).

As in the previous examples, we choose ¢ = 0, and the half-period to be L. We will have
the Fourier series in the following form:

f(x) = %+Z(an Cos—

n=1

7“+qsm”“J

1 c+2L=—0+2L N 7zxX
a, = —— f (x) Cos dx
L=2¢ Yoo L=L
bn _ L IC+2L=O+2L £ (x) Sin Nnzx dx
L=L Jc=0 L=L

The corresponding Fourier series thus has the following form:

a, <& nzx . Nzx
f(x) = ?°+Z:;(an CosT+bn SlnTj (5.7)
a, :% [ (%) dx (5.8a)
a, =% IOZL f(x) Cos%dx N=123 . ..cccccoournnn. (5.8b)
b, :% RO Sin”T”de =123 (5.8¢)

Periodic functions with periods (0, 2L) are more realistic. Equations (5.7) and (5.8) are
thus more practical in engineering analysis.

12



Example 5.4 (p.156)

Find the Fourier series for the sinusoidal signals from an oscilloscope shown in the right

of the figure below. Magnitudes of this sinusoidal signals are shown in the figure below:
f(t)1

A sine,function

E t
2 4Y]/8 (unit)

We will express the period of the sine function in the right of the above figure by letting the
period 2L = 8 units (L = 4), and the corresponding sine function in one period thus has the

-3 units | 3 units
ol

Solution:

form: ft)= SSin%t for 0<t<8 (a)
The Fourier series for the sine function in Equation (a) can be expressed according to
Equation (5.7) to be: f(t)= a_20+ Z(an cos%+ b, sin %}
n=1
8 8
with the coefficients: a, = 1_[ f(t)t = 1J' 3sinZt |dt = 0
4 4 4

1, . nt nzt 1. ) . nat 3n
a, = Z-[O (3S|n ZJ(COST)dt =0 b, = ZJ-O (3S|n ZJ(SlnTjdt = m for nz1

0

18 .o .o Leads to the Fourier _ 3 n N7
bl = Z'[O (BSInZ)(SmZ)dt =3 Series in the form: f(t) =3t V4 ;(1—n2jsm 4 t




Example 5.6 (p.158)

Find the Fourier series for the periodic piece-wise continuous linear signals shown on the
screen of an oscilloscope shown in the figure in the left below. The figure in the right

shows the numerical scale in one period. (t)

>

t (unit)
2 4 6 8

-3 units L 3 units
ol

Solution:
As seen from the diagram in the right of the figure, the period of the function f(t)

remains to be 2L = 8 units, whi%h gives L = 4 units. The function f(t) for one period is:
f(t):—zt+3 for 0<t<8

The Fourier series for the periodic function f(t) may be expressed in the following expression:

f(t)= a—2°+ i(an cos%+ b, sin %}

n=1
with the coefficients:

3, 6
_i¢3 _ ==||-= cosM Pt = — _1p_3 in A g = 9
° ‘Zjo(_2t+3)dt‘ I( 4 ) 4 nta? Do = 4jo AR

The corresponding Fourier f(t) = Z“’: (_ 6 jcos nzt, 9 . n
Series thus has the form: ~ 2r? 4 nzx 4

14



Example 5.8 (p.160)

Here, we will offer another example of finding the Fourier series to represented by a piece-wise
continuous function whining one period, as illustrated in the figure below:
f(x)

————— 30-— -—— o mmow

=
ol
o
T
=
a__

Solution: We have the period, 2L =5 — (-5) = 10, and the half-period L = 5. We may choose
the starting point c = -5.
The corresponding Fourier series in this case fits in that shown in Equations (5.5) and

5.6a,b) to be: i .
(5.62,b) to be f(x)=%+2(ancosn?ﬂx+bnsmn?ﬂxj

n=1
Equation (5.8b) and (5.8c) are used to evaluate the following coefficients:

1 (5 n7zx 1| o n7zx 5 n7zx 35 n7zX
a, = g_[_s f(x) cos?dx = gU_S(O) COS?dX-i-J; (3)cos?dx} = E.[o cos?dx
5 (0)2x

3(5 . nax . , 3 306 4
a, =g(—sm?j =0 if n20 from which we get: & —g.[o Cos dx—gfo dx =3

0



Example 5.8 -Con’d
1 ¢5 . nzx 1| o . Nzax 5
b, = EL f (x)sin ?dx = E[L(O)sm ?dx+J'O (3)S|n—dx} _f sm—dx

3—-cosnz) 3[1—(— 1)”]
nz - nz

5
. . 5 Nn7zx
After integration: b, = —[——COS—j =

0

The Fourier series for the function for this piece-wise continuous function in one period thus
has the form:

(%) = %+i3(l—cosn7z) sin "X _ §+i3[1—(—1)”]sin n

) Nz 5 2 = nzx




Special Example on deriving the Fourier series in describing the motion of the “slider”

in a “crank-slider” mechanism —a common mechanical engineering
design problem:

Derive a function describing the position of the sliding block M in one period in a slide
mechanism as illustrated below. If the crank rotates at a constant velocity of 5 rpm.

(a) llustrate the periodic function in three periods, and
(b) Derive the appropriate Fourier series describing the position of
the sliding block x(t) in which t is the time in minutes

_________
- ~
- S

~.. Rotating@ 5 RPM

- ——

1 Sa

i .,
D L)
r\

‘ \
i
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i

i

i

i

i

i

i

I

i

i

[

Lo |
) @ ¢ |

T

~,
.

| ' /7777777777777
M L ) Half Revolution= R l
|_X(1)_i !
! Dead-end B:
De)?fc;e:joA' x=R, t=1/10 min.
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Solution:
(a) Graphic lllustration on this periodic physical phenomenon in three periods:

Determine the angular displacement of the crank R:

We realize the relationship: rom N = w/(217), and 6 = wt, where w = angular velocity,
and 6 = angular displacement relating to the position of
the sliding block

For N=5rpm, we have: ¢ _1 _ 5t Based on one revolution (6=21) corresponds

2r 1 to 1/5 min. We thus have 6 = 107t
5

|
777 7777777777777

----------- I Half Revolution= R 1
L X(t)] ,
I .
Dead-end A: -[;efﬁig B..
X=0, t=0 X=R, 1= min.

Position of the sliding block along the x-direction can be determined by:
x =R - RCosb

or x(t) = R — RCos(101rt) = R[1 — Cos(107rt)] 0 <t<1/5 min



We have now derived the periodic function describing the instantaneous position of the
sliding block as:

X(t) = R[1-cos(10Ttt)] (a)

l
777777777777 7777

M d !, Half Revolution=R 1
L x(t) .
' -
Dead-end A: —[l)aeiie/qg B..
X=0, t=0 X=R, = min.

Graphical representation of function in Equation (a) can be produced as:

X(t)1

- ‘\
PN 4
’ \ ’ S
’ N Y \\
’ \ ’
R \ v \ Vi AY

R/2 / NS R
/ R *\ ! R Angular Position,0
O=0 n/2 n 3n/2 2n & time, t (min)

t

=(1 t=1/10 t=1/5 min
I

Period one Period two R Period three

5
I T I




(b) Formulation of Fourier Series:
We have the periodic function: x(t) = R[1 — Cos(101rt)] with a period: 0 <t < 1/5 min

If we choose ¢ = 0 and period 2L = 1/5, we will have the Fourier series expressed in
the following form by using Equations (6.7) and (6.8):

0

x(t)zi +> anCosL + bnSinL
2 “~| L=1/10 L=1/10
:a—2°+ a Cos10nzt +b Sin10n ] (b)

with

(t)Cos1on et = - R [Sinz(l—n)ﬂ+8in2(1+n)7z} ©)

I 2 1-n 1+n
y 10 "
We may obtain coefficient a, from Equation (c) to be a, = 0:

The other coefficient b,, can be obtained by:

_1oj t)Sin10nst dt=10[" R(L—Cos10zt)Sin10nztdit

=L[Cosz(n 1 -1]+

2(n—1)z

[Cos2(n+1)z —1] (d)

_R
2(n+1)7



5.4 Convergence of Fourier Series (p.161)

We have learned, with amazement, how periodic functions with a given form in ONE period can be expressed by an infinite
series called the Fourier series such as shown in Equation (5.1) (p.154). In theory, it requires to include INFINITE number of
terms in the series i.e. n=1,2,3,4,5,6,.....in Equation (5.1) to get such correlation, which obviously is neither REALISTIC nor
PRACVTICAL in any engineering analysis.

f(x) = a—2°+i(an cOs%mn Sin%) = f(x+2L)=f(x+4L)=...... (5.1)
n=1

The question then is “How MANY” terms in the infinite series one needs to include in Equation (5.1) in order to reach an
accurate representation of the required periodic function [e.g., f(x) in one period]?

The following case study will give us some idea in the answering the above question, that is: “How many terms in the
Fourier series in Equation (5.1) will give users reasonably accurate results.” This issue is called the “Convergence of
Fourier series.”

This case involves the derivation of a Fourier series for the following periodic function in one period, and find how many
terms in the series that one will need to include in order to get accurate representation of the function in the specified
periods:

21



5.4 Convergence of Fourier Series - Contd

The following is a graphic illustration of the periodic function in three periods:

“f(t)
/0 -r<t<0
f(t)_<8int 0<t<rx
/" \\ /" \\
+ f . - + +— 1
2317 -21 - 0 m 2m 3m

We identified the period to be: 2L = - (-11) = 2171, and according to Equation (5.3), we have:

f(t) = % + i [a, cos(nt)+b_sin(nt)]

n=1

where a, = i J: f(t) Cos(nt) dt = %Lf (0) Cosntdt + %J'O” SintCosntdt = %)27” forn=1
1 ¢ . 10 . 12 . .
and b, == j f (t) Sin(nt) dt =—j (0) Sin ntdt+—j Sint Sinnt dt n=123...
T T 0
or b, _1 1[S|n(1—n)t_8|n(1+ n)t} _ 0 for nel
7|2 1-n 1+n .
For the case n =1, the two coefficients a, and b, become: L 1
1o Sin?t|" b = =" SintSi _ =
_ 2 _ _ and = intSintdt =
a, ”J'O Sint Costdt o 0 1 7[,[0 2

(@)

(b)

(d).(e)

22



Convergence of Fourier Series-Contd

[f(t)
/0 -r<t<0
f(t) - <Sint 0<t<r
RN RN
+ f 1 ———f +—
317 -2 - 0 TT 2m 3m
The Fourier series for the periodical function f(t) with the coefficients become:
1 Sint & :
f(t) :—+T+Z(anCosnt+bn sinnt ) (5.10)
T =2
The Fourier series in Equation (b) can be expanded into trhe following infinite series:
f(t):£+Slnt_E(COSZt+Cos4t+C036t+0058t+ ................ j (5.11)
T 3 15 35 63
Let us now examine what the function would look like by including different number of terms in expression (5.11):
Case 1: Include only one term in Equation (5.11): f(t)y
1
f(X) =f,=— D= 1
T JEf1 =
______________ - V4
Graphically it will look like: / i > t
0

-7 L)
Observation: the function with one term does Not even closely resemble the original shape of the function!!
- We thus conclude that the Fourier series in Equation (5.10) with one term does not converge to the function! 23



Convergence of Fourier Series-Contd

0 —-r<t<
f(t) = <S|nt 0<t<
o~ . "~ AN
+ f 4 ———f +—
31T =21 -TT m 2m 3
Case 2 Include 2 t in E ion (5.11): f(t)_£+8int_£ CosZt+Cos4t+Cos6t+Cos8t+
ase 2: Include 2 terms in Expression (5.11): - P s 15 35 ag o
\ f(t) f 1 Sint
1 Sint =2t
()= 0 = 2+ 3
Vs 2 e
\\ A
o .
Observation: A Fourier series with 2 terms has shown some improvement in representing the periodic function.
ft r
Case 3: Include 3 terms in Expression (5.11): ®
1 Sint 2Cos 2t
. L= e 7N
fO)= f,00) = L+ Sint _ 2Cos2t _=¥ \ &
d 2 37 > PSR ’, \\ t
m~=7 T g
=TT 0 1L

Observation: A Fourier series with 3 terms represent the function much better than the two previous cases with 1 and 2 terms in

the infinite series.

24



Convergence of Fourier Series-Contd

Case 4: Use four terms in Equation (5.11):

Solid lines = graphic display of the periodic
function in one period.

Dotted lines = graphic display of the Fourier
series with 4 terms in Equation

(5.11):

[kl

Conclusion: Fourier series converges better to the periodic function that it represents with more terms included in the
series.

Practical consideration: It is not realistic to include infinite number of terms in the Fourier series for complete convergence.
Normally an approach with 20 terms would be sufficiently accurate in representing most periodic functions

25



5.5 Convergence of Fourier Series at Discontinuities (p.164)

Fourier series in Equations (5.1) and (5.2a,b,c) converges to periodic functions everywhere except at discontinuities of piece-

wise continuous function such as illustrated below:

A piece-wise

discontinuous =fix)  0<x<x
function in one  T(X) = { =fH(x) X <x<x
period: =f(x) Xy <x <X

The periodic function f(x) has
discontinuities at: x,, X , X, and x,

(1)

, fX)

f1(x)_
/;(2)” )
: 2%

0 X4 Xy

Period, 2L

The Fourier series for this piece-wise continuous periodic function will NEVER converge at these
discontinuous points even with inclusion of infinite number («) number of terms in the series

e The Fourier series in Equations (5.1) and (5.2a,b,c) will converge every where to the values of the
function except at those discontinuities as described above, at which the series will converge HALF-WAY
of the function values at these discontinuities as shown in closed circled dots in the above graph.

26



Convergence of Fourier Series at Discontinuities of Piece-wise Continuous Functions in One Period

f(x)

Period, 2L

Mathematical expressions on the convergence of Fourier series at HALF-WAY points:

1
f(0) = 2 f, (0) at Point (1)
1
f(x,) =§[f1(x1) +f,(x))]  atPoint(2)
f0) = 2[f06) + fy(x)] - atPont(@)

f(x,) = fi(x,) = % f,(0) same value as Point (1)

27




Example 5.9 (p.165)
Determine the value of Fourier series representing the periodic function in Example 5.8 at x = 0, 5, 10, 12.5, -5, -7.5 and -10.

Solution:

The function in this example is graphically represented in the following figure:
f(x)

————— 3.0+—— -———-

3
]
o
i
>
a__
X

(1) We will notice the function f(x) is a piece-wise continuous function in the above figure:

The piece-wise continuous periodic function f(Xx) in one period is defined as: f(x) = 0 in the sub-period (-5 < x < 0),
and f(x) = 3 in the other portion of the period (0 < x < 5). We have the period, 2L=5—(-5) =10, and L = 5. We will

choose the starting point, ¢ = -5.
The corresponding Fourier series in this case fits in that shown in Example 5.8 on p.160, as follows:

a, & Nzx . nax
f(x) = 2+ a CcoS——+b_sin——
00 =2+ 3, cos "2+, sin "]

n=1



Example 5.9 —contd

With the coefficients in the above Fourier series to be:

1 s N 7X 1| 0 N 7X 5 N 7zX 5
a, = Ejs f (x)cos?dx = gUE)(O)cos?dx+j0 (3)cos?dx} = —IO Cco

5

with an=§(isin%J =0 if n#0

5\nrx

0

For the case with n = 0, we may get:
3 5 0)7zx 35
aoz—j cosde:—j dx =3
57 5 570
The other coefficients are obtained as:

* 3(l-cosnz) 3[1—(—1)"]
o oz

The resultant Fourier series thus takes the form:

f(x) = §+23(1—cosn7z) sin nzx _ §+Z3[1—(—1) ]sin N 7zzx
) nz 5 2 nz 5

withn=1,2,3,4,56,....ccccciiiiiiiee,



Example 5.9 —Contd

(2) We are now ready to show the convergence of the above Fourier series at the designated points:

By using the convergence criterion outline in Section 5.5 for discontinuous functions, we will find the values of the
Fourier series in the above Fourier series converge at the points, i.e. x =0, 5, 10, 12.5, -5, -7.5 and -10, in both
open and closed circles as depicted in the following figure following the following computations:

1f(x)
E . 1 f = 3 1 1 1
--o-i sop— -0
e . o ® o i @
E ! fi(x)=0 3 1.5 : : .
o 75 & 0 Iy 1b 125 45
1 1
f (X)‘x:o,s,lo,—s,—lo - E[fl(x) + fZ(X)]‘x:O,S,lo,—S,—lo - E(O + 3) =15

at all locations of x at which the functions discontinue (shown in closed circles), whereas the
Fourier series will converge to the function values at x = -7.5, and x=12.5 shown in open circles.



Example 5.10 Determine the Fourier series and the convergence values for the
piece-wise continuous function in one period (p.166):

The periodic function in one period is: )
3t (O0<t<1l :
f(t) = < O<t<) 5 ;
1.0 (I<t<4) ; ,
The function has a period of 4 ,'
but is discontinuous at: ] Il """"
Solution: t=1andt=4 R = > t
. . . . . a, <& nat . nat
Let us first derive the Fourier series to be in the form of: f(t) = 7+Z a, COST+bn Sin=— (a)
_ 15 =t
with: a, = Z (b)
6 Nz 1 . Nrx i
and a, = Cos— —1|+ 12— 272 )Sin—2~ with N =1,2,3,4,5,............. (c)
2 cos ™ -]z niat)sin”
b, = 26 5 Sinn—”—i(4Cosn—”+Cos 2n7zj withn=12_345,............. (d)
n°z 2 nr 2

We will then use a digital computer to compute the function values and draw the curves represented by the above Fourier
series in Equation (a) to (d) with different number of terms and illustrate the convergence of the series as follows.



with three terms (n = 3):

With fifteen terms (n = 15):

Converges well with 80 terms!!

Observe the convergence of
Fourier series at

DISCONTINUITIES

25F

5
2k

[0}

with eighty terms (n = 80):

X 085
o w2782

/

L 1
05 1

We observed that the Fourier series
representing these piece-wise continuous
Functions converged at “half-way” of the
function values at x =1 where the
discontinuity is, as expected with n=80
terms. (This convergence actually began
with 15 terms in the Fourier series, as

& illustrated in right of the top two figures)

L
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