Orthogonal Functions and Fourier Series

Orthonormal Functions

OThe norm or generalized length of a function is

defined as
9, = (@) = [ "9 ().

QA set of orthogonal functions {¢,(x), ¢,(x), $(x), ...}
that are normalized by their norms is called
orthonormal set.

{ 20 90 @) }
||%(x)|| "(p](x)" "(pz(x)"

OExamples: The set on the interval {1/v2x.cosx/Vr.cos2x/V.---}
[-7, =] is orthogonal.
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Orthogonal Functions

OThe inner product of two functions f; and f;on an
interval [a, b] is the number

k)= [ H@f (),

QTwo functions £, and f, are said to be orthogonal on an
interval [a, b] if

Fof)= [ H O£ (0 dx =0,

QA set of real-valued functions {¢,(x), ¢,(x), g,(x), ...} is
said to be an orthogonal set on an interval [«, b] if

b
@)= [, 0,0, (0)dx=0,  m=n.

OExamples: The set {1, cos x, cos 2x, ...} on the interval
[-rt, ] is orthogonal.
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Orthogonal Series Expansion

O Suppose {¢,(x)} is an infinite orthogonal set of
functions on an interval [a, 5] and y=f(x) is a function
defined on this interval. Then,

)= Y e, ),

n=0

where
C_[r@e,dx

' 0,

QOThis is called orthogonal series expansion of f(x).
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Orthogonal Functions with Weight Function

QA set of real-valued functions {¢,(x), ¢,(x), g,(x), ...} is
said to be orthogonal with respect to a weight
function w(x) on an interval [a, b] if

[ w0, (g, (x)dx =0,

USuppose {¢,(x)} is an infinite orthogonal set of functions
on an interval [a, b] and y=f(x) is a function defined on
this interval. Then,

m#n.

F@)=Y e,

n=0

where
f FEWE), (x)dx

@,
QThis is called orthogonal series expansion of f(x).

0,0

n s

= f: w(x)(p: (x)dx.
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Convergence of Fourier Series

ULet fand f” be piecewise continuous on the
interval (-p, p); that is fand /* be continuous
except at a finite number of points in the
interval and have only finite discontinuity at
these points.

UThe Fourier series of fon the interval converges
to ' (x) at a point of continuity.

QAt a point of discontinuity, the Fourier series
converges to the average [ /' (x")+f (x))]/2 where
f(x*) and f(x) denote the limit of fat x from the
right and from the left, respectively.
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1 pr,
a=—"f fwad

Fourier Series

OThe set of trigonometric functions

T 27 3z
1,cos—x,co0S— X,C0S— X, -,
p p p p p p

is orthogonal on the interval [-p, p].

OThe Fourier series of a function fdefined on the
interval (-p, p) is given by

(x)—— E cos—x+b smﬂx)
= p

a, =lfp f(x)cosﬂxdx,
por p

.o .27 . 3w
sin — x,sin — x,sin — X, -+

}

=lf” F)sin?E xdx
plr p
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Class Exercise

QOFind and plot Fourier series of

-m/2<x<0

fx)=

cos X, O<sx<m/2

2 pan 2
a0=—f cosxdx=—
avo T

2(_ 1)n+l
w(4n® -1)
4n
m(4n® 1)

2 a2
=—f cosxcos2nxdx =
T 0

2 a2 .
b =—f cosxsin2nxdx =
T 0

n+l
E 2(- 12) cos2nx +
a(4n” -1)

sin2nx

. 1 n
fo=2 x(4n® -1)
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Even and Odd Functions

QA function f'(x) is said to be even if
f(x) =f(x) and odd if f(-x) = - f (x).

QThe product of two even functions is even. /™ E

OThe product of two odd functions is even. X

OThe product of an even function and an
odd function is odd.

OThe sum (difference) of two even functions
is even.

OThe sum (difference) of two odd functions
is odd.

QIf fis even, then [ f(xdr=2[" f(x)dx.
QIf fis odd, then [, f(x)dx=0.
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Complex Fourier Series
O Euler's Formula: For a real number x

" =cosx+isinx e =cosx—isinx

QSolving for cos x and sin x gives
ei,r +e—ix . eix _e—ix
sSmx =
2i
QOSubstituting into Fourier series of function fdefined
on an interval (-p, p) results in complex Fourier
series of this function.
f(x) _ 2 Cnein:tx/p

n=—c

COSX =

1 P —inmx/p
c, =— X)e dx, n=0,x1,£2,---
"2 f_pf( )
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Fourier Cosine and Sine Series

OThe Fourier series of an even function fdefined on
the interval (-p, p) is a cosine series given by

Ay nw
fx)=="+>a,cos—x
2 21 p
2 d 2 nmw d
ao—;fo f(x)dx, a, —;fo f(x)cos;x x

OThe Fourier series of an odd function ' defined on
the interval (-p, p) is a sine series given by

flx)= ibn sin? x
p

n=1

2 prr . nmw
b,=—] f(x)sin—uxdx
pfO p
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Fourier Series and Frequency Spectrum

QFourier series of a function on the interval (-p, p) defines
a periodic function with the fundamental period of T=2p.

QIf we define w=2x/T as the fundamental angular
frequency, the Fourier series become

2 S i S ina
S (x) =?O+Ean cosnax+b, sinnewx and  f(x) = Ecne”’”r

n=l1 n=-0

O The plot of points (nw,|c,|) is called frequency
spectrum of /.
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Class Exercise

QFind complex Fourier series and frequency spectrum of

-1, -2<x<0
f(X)_{ 1, O<x<2
1_ _1 n

c, = ( .) , n=0 .

nai .

CO=O 0.4

S 1_(_1)" inzx/2 0-2

fx)= ) ————e""

n_#O BE 2 T 2 B z
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Properties of Regular Sturm-Liouville Problem

QThere exist an infinite number of real eigenvalues that
can be arranged in ascending order A, <A, <A, <...< A,
such that A, = o asn — .

QOFor each eigenvalue there is only one eigenfunction.

QEigenfunctions corresponding to different eigenvalues are
linearly independent.

OThe set of eigenfunctions corresponding to the set of
eigenvalues is orthogonal with respect to the weight
function p(x) on the interval [a, b].
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Sturm-Liouville Problem

OLet p, ¢, r, and »’ be real-valued functions
continuous on an interval [a, b], and let (x) > 0 and
p(x) > 0 for every x in the interval. Then,

d
~ eyl (g + Aoy =0
4y(a)+By'(a)=0
4,y(b)+ B,y'(b) =0
is said to be a regular Sturm-Liouville Problem.

OExample:
Legendre's Equation : (1-x%)y"-2xy'+n(n+1)y =0
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Conversion to Self-Adjoint Form
OEvery second-order differential equation
a(x)y"+b(x)y'+ (c(x) + )Ld(x)) y=0

can be converted to the so called self-adjoint
form d
E[V(X)y'] +(q(x)+ Ap(x))y =0

by dividing the original equation by a(x) and
multiplying by
f(b(x)/a(x))dx
e
OExample: Parametric Bessel Equation

2
y"+xy+ (o’ xt -v)y=0 = i[xy‘]+(052x—v—)y=0
dx X
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Bessel Functions are Orthogonal

OThe parametric Bessel equation

2
Yy +Haxt -nt)y=0 = 6Zc[xy']+(0:2x—nx)y=0

has two solutions J (ax) and Y,(ax) but only J (o) is
bounded at x = 0.

UThe set [J,(e; x)] is orthogonal with respect to the
weight function p(x)=x on an interval [0, b];

fobx.ln (ox)J (a;x)dx=0, o =a;.

J

U, are given by a boundary condition at x = b;
A,J,(ab) + B, (ab) = 0.
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Fourier-Bessel Series

OThe orthogonal series expansion of a function 1
defined on the interval [0, 5] in terms of Bessel
functions,

F) =Y ed, (@),

where ,
. %7, (@) f (x)dx

J, (05,.)c)||2

i

and the square norm of the function J,(e;x) is

defined bY Jn(aix)"z = fobxj,? (ai'x)dx'
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Differential Recurrence Relations
%[x”]n (x)] =x"J, (%)

L, 0] = =", )

or

xJ;, x)=nJ (x)-xJ ,,(x)
xJ;, (x)=xJ,_,(x)-nJ (x)
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Legendre’s Functions are Orthogonal

OThe Legendre polynomials, which are the solutions
of the Legendre’s equation

(1- x* WV'-2xy"+n(n+1)y =0,

are orthogonal with respect to the weight function
p(x)=1 on the interval [-1, 1];

m#n.

f_IIPm(x)Pn(X)dx = O’
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Fourier-Legendre Series

OThe orthogonal series expansion of a function f
defined on the interval [-1, 1] in terms of
Legendre functions,

f@)=Yc,P,x),

where |
[ R@fdx

el

n

and the square norm of the function P (x) is
defined b 2
’ IP.coff -

2n+1
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